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ABSTRACT 

1)evelopment of  f r o n t a l  d is turbances  is  considered from a non- 

linear i n i t i a l  value poin t  of  view. The f r o n t a l  model i s  a two layer  

model w i t 1 1  a  wedge of cold a i r  t o  t h e  nor th  represented by a homogeneous 

f lu i t l  layer  of dens i ty  p l ,and an over ly ing  warm a i r  l aye r  represented 

by ; i t~other  homogeneous f l u i d  o f  dens i ty  4(<"). m e  warn and cold a i r  

layers have f i n i t e  depths and t h e  region of i n t e g r a t i o n  i s  bounded i n  t h e  

north-south d i r e c t i o n  by r i g i d  boundaries.  Ins ide  t h i s  region ,  t h e  

depth of cold a i r  goes t o  zero a t  some p o i n t ,  dep ic t ing  t h e  intersection 

of  t h c  f r o n t a l  su r face  with t h e  ground. The poin t  of i n t e r s e c t i o n  

c s sc r l t i a l ly  represents  a  f r e e  boundary. The west-east  boundaries a r c  

per iodic .  A s inuso ida l  d is turbance  is imposed on t h e  f r o n t a l  su r face  

and t h c  growth of  t h i s  d is turbance  i s  ca lcu la t ed  numerically f o r  two- 

d i  f f'crent i n i t i a l  condi t ions .  For each set o f  i n i t i a l  condi t ions ,  

various wave lengths and i n i t i a l  shears  a r e  considered. The f  rotlt;ll 

su r face  a t  each time s t e p  i s  determined by a simple l i n e a r  ext rapola t ion  

of  the  cold a i r  height  f i e l d s  from t h e  nor th .  





One of t h e  c h a r a c t e r i s t i c  f e a t u r e s  o f  t h e  atmospheric motions 

in  middle l a t i t u d e s  i s  t h e  motion of wave l i k e  d is turbances  which 

propagate on a sur face  of  d i s c o n t i n u i t y  between a l a y e r  o f  co ld  a i r  

near  t h e  ground and an over ly ing  l a y e r  o f  w a r m  a i r .  The theory 

rissociated with t h e  development of  t h e s e  d is turbances  was o r i g i n a l l y  

formulated by t h e  Bergen School of Norway and i s  now r e f e r r e d  t o  a s  t h e  

po la r  f r o n t  theory  (Bjerknes and Solberg 1922).  The l a y e r  o f  co ld  a i r  

occupies a wedge shaped a r e a  t o  t h e  no r th  with t h e  depth o f  t h e  co ld  a i r  

being zero a t  some po in t  and inc reas ing  no r th  o f  t h a t  po in t  a s  shown 

i n  1:igure 1. The warm a i r  is superimposed on t h i s  co ld  a i r  l aye r .  'The 

t r a n s i t i o n  from t h e  cold a i r  mass t o  t h e  warm a i r  mass occurs  through 

a narrow zone which i s  normally cha rac t e r i zed  by s t rong  temperature arid 

wind g rad ien t s .  This  f i n i t e  t r a n s i t i o n  zone is  i d e a l i z e d  a s  a su r f ace  

of  d i s c o n t i n u i t y  and it i s  found t h a t  wave l i k e  d is turbances  on t h i s  

f r o n t a l  su r f ace  grow i n  t ime t o  genera te  f r o n t a l  cyclones.  

]:or t h e o r e t i c a l  purposes,  t h e  warm and co ld  a i r  l a y e r s  z r e  

represented by incompressible ,  homogeneous f l u i d s  of  d i f f e r e n t  d e n s i t i e s  

on a p lane  of cons tan t  r o t a t i o n .  Each o f  t h e  f l u i d  l a y e r s  moves with 

some cons tan t  zonal speed s o  t h a t  t h e r e  i s  a d i s c o n t i n u i t y  i n  t h e  

t a n g e n t i a l  speed a t  t h e  f r o n t a l  su r f ace .  The ex i s t ence  of  non-zero 

zonal v e l o c i t i e s  i n  t h e  b a s i c  s t a t e  on a r o t a t i n g  p lane  then produces 

3 slope of t h e  f r o n t a l  su r f ace  i n  t h e  nor th-south  d i r e c t i o n  t o  balance 

t h c  c o r i o l i s  fo rces  a c t i n g  on t h e  zonal wind. The t h e o r e t i c a l  s t u d i e s  

on such an i d e a l i z e d f r o n t a l  conf igura t ion  were f i r s t  approached using 

a p e r t u r l ~ a t i o n  method o r  s t a b i l i t y  cons ide ra t ions .  



One of  t h e  e a r l i e s t  t h e o r e t i c a l  a t tempts  at  t h e  s t a b i l i t y  a n a l y s i s  

was t h a t  o f  Solberg (1928) [ s ee  a l s o  Bjerknes and Godske 19361. La ter ,  

t h e  s t a b i l i t y  s t u d i e s  on f r o n t a l  models were considered by Kotschin (1932), 

l i l l i a scn  (1960), and Or lanski  (1968). The purpose of  t h e  s t a b i l i t y  

s t u d i e s  i s  t o  determine whether waves of  i n c i p i e n t  cyclone s c a l e s  can 

indccd become uns t ab le  i n  a  l i n e a r i z e d  sense  f o r  t h e  t y p i c a l l y  observed 

rangc o f  t a n g e n t i a l  v e l o c i t y  shea r  and t h e  dens i ty  r a t i o  between t h e  warm 

and co ld  a i r  masses. However, t h e  r e s u l t s  from a l i n e a r i z e d  a n a l y s i s  

can :lt bes t  g ive  an i n d i c a t i o n  o f  t h e  behavior  of  t h e  pe r tu rba t ion  

i n i t i a l l y .  Once a  p e r t u r b a t i o n  s t a r t s  growing, t h e  non- l inear  e f f e c t s  

w i l l  become important which would completely a l t e r  i t s  subsequent 

I~chavior  . 
'The importance o f  non- l inear  e f f e c t s  f o r  t h e  development of 

f r o n t a l  d i s turbances  was pointed out be Freeman (1952), Abdullah (1949) 

and 'repper (1952) who t r e a t e d  t h e  f r o n t a l  problem us ing  t h e  method of 

c h a r a c t e r i s t i c s  which r e s t r i c t s  t h e  t rea tment  t o  only one space dimension. 

Kasnhara e t  a1 (1965) solved t h e  f u l l  two-dimensional non- l inear  sha l low 

watcr equat ions f o r  t h e  motion of  f r o n t a l  d i s turbances  assuming an 

i n f i n i t e l y  deep upper l aye r .  By t h i s  assumption, t h e  dynamics o f  t h e  

warm a i r  and i t s  in f luence  on t h e  co ld  a i r  a r e  ignored and t h e  number of  

d c p c ~ ~ d c n t  v a r i a b l e s  i n  t h e  ~ r o b l e n  are reduced t o  t h r e e : t h e  x and y-components 

of t h c  v e l o c i t y  and t h e  he igh t  o f  t h e  co ld  a i r .  The i n i t i a l  s inuso ida l  

d i s turbance  on t h e  f r o n t a l  su r f ace  is represented  by marker p a r t i c l e s  and 

a  quasi-Lagrangian approach is  taken i n  keeping t r a c k  o f  t h e  f u t u r e  movc- 

mcnt o f  t hcse  p a r t i c l e s .  The r e s u l t s  obtained by Kasahara e t  a1 ( i b i d )  

showed a r e a l i s t i c  d i s t o r t i o n  o f  t h e  i n i t i a l  s inuso ida l  wave and a 



tendency towards occ lus ion .  The non- l inear  f r o n t a l  problem was sub- 

scquent ly considered by Alterman and Isaacson (1969) us ing  a  two-layer 

model but  with only one-space dimension. E l i a s sen  and Raustein (1968) 

considered t h e  f r o n t a l  problem us ing  i s e n t r o p i c  co-ord ina tes .  Grammeltvedt 

(1970) considered t h e  two-layer problem us ing  m a t e r i a l  p a r t i c l e s  t o  

c a l c u l a t e  t h e  f r o n t a l  p o s i t i o n  by a  method d i f f e r e n t  from Kasahara e t  a1 

( i b i d )  . 

In t h e  p re sen t  s tudy ,  we considered t h e  growth of  a  f r o n t a l  

distur1)ance using t h e  two-dimensional q u a s i - s t a t i c  equat ions  of  a  two- 

lnycr  system. The dynamical equat ions a r e  so lved  by f i n i t e - d i f f e r e n c e  

i n t c g r a t i o n s  f o r  a  few d i f f e r e n t  i n i t i a l  condi t ions .  In  o rde r  t o  keep 

t h e  computations r e l a t i v e l y  s imple,  t h e  f r o n t a l  s u r f a c e ,  which i s  def ined  

a s  t h e  poin t  where t h e  co ld  a i r  depth i s  zero ,  is  determined, a t  

each time s t e p ,  by a  l i n e a r  e x t r a p o l a t i o n  o f  t h e  co ld  a i r  depth f i e l d  

f:rom t h e  morth. Admittedly, t h i s  method o f  l o c a t i n g  t h e  f r o n t a l  s u r f a c e  

i s  not a s  accu ra t e  a s  t h e  method used by Kasahara e t  a1 ( i b i d )  . 
Ncvcrtheless ,  t h e  r e s u l t s  ob ta ined  by us ing  t h e  simple e x t r a p o l a t i o ~ l  

technique on a  one-layer  model i d e n t i c a l  t o  t h a t  of  Kasahara e t  a1 ( i b i d )  

hxvc shown t h a t  t h e  d i f f e r e n c e s  i n  t h e  f r o n t a l  motion a r e  not  t o o  

s i g n i f i c a n t .  



2 .  I)YNAhII CAL EQUATIONS 

We cons ider  two incompressible  homogeneous f l u i d s  of  d e n s i t i c s  

1 
and p ,super-imposed one on t o p  o f  another  i n  a  g r a v i t a t i o n a l l y  

2 

s t a b l e  con f igu ra t ion  a s  shown i n  Figure 1. The heav ie r  f l u i d  (0 ) 
1 

rcprcsents  t h e  co ld  a i r  and t h e  l i g h t e r  f l u i d  (p2) t h e  warm a i r .  Iinch 

of  t l icse f l u i d s  i s  i n i t i a l l y  moving with a  d i f f e r e n t  bu t  constant  

t r ; l ~ i s l a t i o n a l  speed (u and u ) i n  t h e  eastward d i r e c t i o n .  This  f l u i d  
1 2 

conf igura t ion  is bounded r i g i d  boundaries t o  t h e  nor th  and south and 

r o t a t i n g  about a  v e r t i c a l  a x i s  with cons tan t  angular  speed o f  r o t a t i o n  

( $ 2 )  . 111 add i t i on  t o  t h e  assumption o f  cons tan t  speed o f  r o t a t  ion ,  we 

assumc t h a t  t h e  h o r i z o n t a l  s c a l e  of  t h e  motions i s  much l a r g e r  than t h e  

Jcp th  o f  t h c  f l u i d s  s o  t h a t  t h e  q u a s i - s t a t i c  ( o r  shallow water)  

approximation may be made. This assumption is  equiva len t  t o  assuming 

t h a t  t h e  v e r t i c a l  a c c e l e r a t i o n s  a r e  n e g l i g i b l e  and t h e  p re s su re  f i e l d  

is h y d r o s t a t i c a l l y  determined by t h e  mass o f  t h e  f l u i d  above a  p o i n t .  

A consequence of  t h e  q u a s i - s t a t i c  approximation i s  t h a t  i f  t h e  ho r i zon ta l  

vc loc i ty  f i e l d s  a r e  i n i t i a l l y  independent of  depth,  they  w i l l  remain 

intlcpcndent of  dcpth f o r  a l l  t ime.  The p re s su re  f i e l d  i n  each l ayc r  

then may I I C  w r i t t e n  a s  : 

I n  cquat ion (1) , h r ep re sen t s  t h e  t o t a l  depth of  t h e  f l u i d ,  h  t h e  dcptli 

o f  t h c  cold l a y c r  and g r ep re sen t s  t h e  g r a v i t a t i o n a l  fo rce /un i t  mass. 



I h c  dynamic condi t ion  of  p re s su re  c o n t i n u i t y  a t  t h e  i n t e r f a c e  z = h l  

is au tomat ica l ly  s a t i s f i e d  by equat ion ( 1 ) .  The dynamical equat ions 

may now be w r i t t e n  as: 

I n  t h e  abovc equat ions ,  f  = 2Qsin0 is t h e  c o r i o l i s  parameter.  \V (u,v) 

is t h c  ho r i zon ta l  v e l o c i t y  vec to r  with t h e  components u ,  v  i n  t h e  

x ,  y -d i r ec t ions .  The v e c t o r  [\V] i n d i c a t e s  a  r o t a t i o n  of  \ V  through 

ninety-dcgrees i n  t h e  nega t ive  sense  of  t h e  x, y-plane. E(: P 2 / ~ 1 )  i s  

tllc J c n s i t y  r a t i o  of t h e  two f l u i d s  and 0 < ~ < 1  f o r  a g r a v i t a t i o n a l l y  

s t n b l c  conf igura t ion .  V i s  t h e  h o r i z o n t a l  g rad ien t  ope ra to r .  h2 = h-h  1  

r ep re sen t s  t h e  depth of  t h e  warm a i r .  The above equat ions  have an 

exac t  sol 'ut ion corresponding t o  t h e  s t a t e  given by: 

where u and u a r e  cons t an t s  o r  poss ib ly  some func t ions  of  y .  Corresponiling 1 2 

t o  equat ion ( 6 )  we ob ta in  from equat ions  (2-5) :  



Figure 1 

Ver t i ca l  c ros s  s e c t i o n  of t h e  f r o n t a l  model. 

Figure 2 

'The domain of i n t e g r a t i o n .  



- - 
a i i  - f E U ~ -  u1 - - - -  
ax c, 1-E 

'I'hc second of t h e  above formulas is  t h e  Margule's formula f o r  t h e  s lope  

of t h e  f r o n t a l  su r f ace .  Equations (7 )  show t h a t  both t h e  i n t e r f a c e  

and t h e  f r e e  s u r f a c e  s lope  i n  t h e  n o r t h - s o u t l ~  d i r e c t i o n  i n o r d e r  t o  

gencra te  t h e  necessary p re s su re  g r a d i e n t s  which balance t h e  c o r i o l i s  

forccs  i n  t h e  b a s i c  s t a t e .  

Wc now have t o  so lve  t h e  system of equat ions  (2-5) sub jec t  t o  

somc i n i t i a l  and boundary cond i t i ons .  A s  shown i n  Figure 2 ,  t h e  domain 

of  i n t c g r a t i o n  c o n s i s t s  of  two reg ions  D and Dl. In domain D ,  we hnvc 

cold a i r  below and warm a i r  above and i n  domain D' we have only warn1 

i r  'l'hc su r f ace  C s e p a r a t i n g  t h e  two domains is  t h e  f r o n t a l  s u r f a c e .  

'Ihc domains D and D' a r e  bounded t o  t h e  no r th  and south r e spec t ive ly  by 

r i g i d  boundaries .  The boundary cond i t i ons  app ropr i a t e  t o  t h i s  systcm 

a r e  : 

which  simply s t a t e s  t h a t  t h e  normal v e l o c i t y  of t h e  f l u i d s  vanishcs on 

t h c  r i g i d  boundaries .  In  t h e  wes t -eas t  d i r e c t i o n ,  we assume a l l  qu : in t i t i cs  

a r c  pe r iod ic .  I f  t h e  length of  t h e  domain of  i n t e g r a t i o n  i n  x -d i r ec t ion  

i s  I , ,  then t h i s  condi t ion  s t a t e s :  

a (x) = a(x+L) . 



whcrc a i s  any one of  t h e  dependent v a r i a b l e s .  The f r o n t a l  s u r f a c e C  

i s  dcf ined by t h e  condi t ion  

'I'hc warm a i r  v e l o c i t y  and he igh t  f i e l d s  a r e  assumed t o  change cont inuously 

a s  we proceed from domain D t o  D' ac ros s  t h e  f r o n t a l  su r f ace .  

The i n i t i a l  cond i t i ons  he re  a r e  t h e  fol lowing:  

Casc ( i ) :  Only t h e  zonal flow i s  assumed t o  be geos t rophic .  The i n i t i a l  

cpndi t i o n s  a r e  

I n  t h c  above equa t ions ,  Y i s  t h e  nor th-south  width of  t h e  channcl.  

y r ep re sen t s  t h e  i n i t i a l  d i s tu rbance  superimposed on t h e  f r o n t a l  s ~ r r f s c c  
C 

and i s  given by 

c  
= a s i n  (kx + 6 )  + b 

whcrc i l ,  b ,  and 6 a r e  cons t an t s .  H i n  equat ion (11) r ep re sen t s  tllc 
0 

tlcpth o f  t h e  warm a i r  a t  t h e  southern  boundary. The equat ion f o r  y 
C 



determines t h e  y co-ord ina te  o f  t h e  f r o n t  as a func t ion  of  x. One can 

r ep resen t  y by a c e r t a i n  number of  p a r t i c l e s  and apply t h e  equat ions of  
C 

motion t o  t hese  p a r t i c l e s  t o  c a l c u l a t e  t h e i r  t r a j e c t o r i e s .  This i s  

c s s e n t i a l l y  t h e  procedure adopted by Kasahara e t  a1 ( i b i d ) .  Ilere, 

llowever, we have determined t h e  y co-ord ina te  of t h e  f r o n t a l  s u r f a c c ,  

u s ing  t h e  condit ion 

as  3 func t ion  of  x ,by s imple l i n e a r  e x t r a p o l a t i o n  of t h e  co ld  a i r  dcpth 

f i c l d  from t h e  north.  

Casc ( i i )  : I n i t i a l l y  both t h e  zonal a s  we l l  a s  t h e  meridional  flows ---- 

a r c  assumed t o  be geos t rophic .  The he igh t  f i e l d s  a r e  given by t h e  same 

formulas a s  i n  equat ion ( l l ) ,  bu t  t h e  zonal and meridional  v e l o c i t y  

f i e l d s  a r e  given by: 

For computational purposed, it proves convenient t o  in t roduce  t h e  

following non-dimcnsional izat ion scheme. 



I n  t h e  above equat ions ,  A t  and A s  a r e  u n i t s  of  t ime and space.  By 

introducing t h e  non-dimensional q u a n t i t i e s  i n  equat ions  ( 2 ,  3 ,  4 ,  5 )  

and dropping t h e  caps on u ,  v and h ,  on t h e  understanding t h a t  all quantitics 

a r c  now non-dimensional, we ob ta in  

- 
- uAt ' + \ V V V -  F ]  = ( h - h )  - 1 -  F j (15) a T 

In t hcse  cquat ions j j  i s  t h e  u n i t  vec to r  i n  t h e  y -d i r ec t ion .  Gradient 

opcr; l tor  V i s  given by V z ii a / a ~  + j j  a / a n .  



3. FINITE-DIFFERENCE EQUATIONS 

The domain o f  i n t e g r a t i o n  with s i d e s  o f  lenghts  L1 and L2 i n  t h e  

r, and T-I d i r e c t i o n s  i s  d iv ided  i n t o  r ec t angu la r  mesh such t h a t  t h e  co- 

o rd ina t e s  a t e  given by 5 = jAc, n i  = iAn where As, An a r e  t h e  g r i d  
j 

i n t e r v a l s  i n  t h e  5 and n d i r e c t i o n s .  The continuous equat ions (15 and 17) 

a r e  w r i t t e n  i n  an advec t ive  form: 

Define now t h e  fol lowing f i n i t e  d i f f e r e n c e  ope ra to r s  : 

where a i s  any v a r i a b l e  and A(= A 5  o r  An) is t h e  g r i d  i n t e r v a l .  Then, 

using t h e  d e f i n i t i o n s ,  we g e t  

Let us de f ine  i n  add i t i on :  



Table 1. I n i t i a l  Conditions 

u1 zonal v e l o c i t y  of cold a i r  (m/sec) 

vl meridional  v e l o c i t y  o f  cold  a i r  (m/sec) 

u2 zonal v e l o c i t y  of  warm a i r  (m/sec) 

v2 meridional  v e l o c i t y  of warm a i r  (m/sec) 

- 
u v e l o c i t y  of  coordinate system (m/sec) 

n o r t h  and south  boundary condi t ion  

f  C o r i o l i s  parameter ( sec - l )  

E dens i ty  d i scon t inu i ty  (non-dimensional) 

h2 he igh t  o f  warm laye r  (km) 

hl he ight  of  cold l a y e r  (km) 

Hg he igh t  of  warm laye r  a t  n = 0 (km) 

A s  g r i d  length (km) 

L east-west  ex ten t  of g r i d  (km) 

a  amplitude of  i n i t i a l  wave 

b  p o s i t i o n a l  constant  

A 

3.05 

0  

15.53 

0  

3.05 

v = O  

0.9813386995 

i n f i n i t e  

see  eq (11) 

i n f i n i t e  

76.2 

20As 

2As 

9.5As 

B 

10 

see  eq (13) 

20 

0  

15 

v = O  

0.980 

see  eq (11) 

see  eq (11) 

15 

76.2 

20As 

2As 

21.37As 



where 

llsing these  no ta t ions ,  t h e  governing equations (16, 18, 19, 20) may be 

expressed as  follows: These equations a r e  w r i t t e n  i n  component form 

now f o r  convenience. 

f o r  t h e  lower layer .  For t h e  upper l a y e r ,  we obta in  



The i n t e g r a t i o n  i n  time i s  performed us ing  t h e  Heun method which i s  

a one-step method requ i r ing  information a t  only t h e  preceding time l eve l  

i n  order  t o  proceed t o  t h e  next  t ime l e v e l  (see L i l l y  1965, Young 

1968). Each of t h e  preceding equations is i n  t h e  form 

aa. 
= f ( a1 ,  a*, .  . . .ag, t )  

where t h e  quan t i ty  on t h e  r i g h t  is  known a t  any given i n s t a n t .  Then 

the  time i n t e g r a t i o n  proceeds according t o  t h e  formula: 

wherc t h e  quan t i ty  f *  i s  evaluated us ing  t h e  value of a*. 



4 .  METllOD OF INTEGRATION 

The i n t e g r a t i o n  i s  performed us ing  t h e  numerical cons tan ts  given 

i n  ?'able 1. A t  each time s t e p  t h e  i n t e g r a t i o n  s t a r t s  from t h e  nor thern  

boundary and proceeds southwards. A t  t h e  nor thern  boundary t h e  meridional  

components of t h e  v e l o c i t y  f i e l d s  v and v2 a r e  always zero ,  but  we need 1 

t o  c a l c u l a t e  t h e  zonal components u  1' u2 and t h e  he igh t  f i e l d s  h l  and h .  

I n  t h e  equat ions (21, 23, 24,  26) governing t h i s  c a l c u l a t i o n ,  t h e  quan t i t y  

av/aq on t h e  boundary i s  requi red .  This  i s  obta ined  by f i t t i n g  a  

quadra t i c  curve t o  t h r e e  po in t s  - t h e  boundary po in t  and t h e  f i r s t  two 

i n t e r i o r  points-and d i f f e r e n t i a t i n g  t h i s  express ion  t o  determine av/av 

on t h e  nor thern  boundary. S imi l a r  s i t u a t i o n  occurs  on t h e  southern 

boundary i n  c a l c u l a t i n g  t h e  u2 and h f i e l d s  and t h e  same procedure is  

adopted t h e r e .  

The i n t e g r a t i o n  then  proceeds southward from t h e  nor thern  

boundary u n t i l  a  g r i d  po in t  i s  reached where it i s  no longer  poss ib l e  

t o  apply t h e  c e n t r a l  d i f f e r e n c e  formula e i t h e r  i n  t h e  5 o r  Q - d i r e c t i o n s  

because of t h e  f a c t  t h a t  t h e  domain D i s  g e t t i n g  terminated.  For 

cxamplc, s ee  p o i n t s  marked 1, 2, and 3,inFigure 3. In such cases ,  a  r a t h e r  

simple ex t r apo la t ion  procedure was used us ing  t h e  two p o i n t s  immediately 

nor th  of  p o i n t s ,  such a s  1, 2 , o r  3,to f i r s t  determine t h e  q-co-ordinate  

corresponding t o  t h e  f r o n t a l  surface-namely, t h e  h l=  0 p o i n t .  The values 

f o r  u l ,  u2 ,  v v h ,  hl a r e  then  c a l c u l a t e d  a t  p o i n t s  1 and 2 using 1' 2' 

t h e  formula generated by t h e  two-point e x t r a p o l a t i o n .  Attempts a t  using 

t h r c e  po in t s  i n s t ead  of  two f o r  t h e  e x t r a p o l a t i o n  purposes have proved 

r a t h e r  unsuccessful  s i n c e  t h e  n-co-ordinate  corresponding t o  h = 0 
1 

has t o  be solved a s  t h e  app ropr i a t e  r o o t  o f  a  q u a d r a t i c  equat ion and t h e r c  
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i s  no obvious a  p r i o r i  argument t o  show which roo t  of  t h e  quadra t i c  i s  

t h e  r i g h t  one. Fur ther ,  t h e  r a d i c a l  has  occas iona l ly  become imaginary. 

In view o f  t hese  d i f f i c u l t i e s ,  a  simple l i n e a r  ex t r apo la t ion  has been 

adopted. This  i s  one o f  t h e  s e r i o u s  l i m i t a t i o n s  imposed by t h i s  s tudy .  

Ilowever, a  comparison of  t h e  r e s u l t s  ob ta ined  by t h i s  method with t h e  

more r igorous  technique o f  Kasahara e t  a1  on a  one-layer  model showed, 

a s  mentioned e a r l i e r ,  a  good agreement i n  a  q u a l i t a t i v e  sense .  The 

f r o n t a l  su r f ace  thus  determined marks t h e  end o f  domain D where t h e  

cold and warm a i r  l aye r s  have e x i s t e d  toge the r .  The i n t e g r a t i o n  proceeds 

south now i n t o  t h e  domain D' where only t h e  warm a i r  component e x i s t s  

using t h e  f a c t  t h a t  u2 ,  v2 ,  and h2 a r e  continuous across  t h e  f r o n t a l  

su r f ace .  The computations were smoothed every 30 time s t e p s  us ing  t h e  

formula 

i n  o rde r  t o  minimize t h e  n o i s e  generated by t h e  f i n i t e - d i f f e r e n c e  i n t e g r a t i o n s  



5. RESULTS 

Various i n i t i a l  cond i t i ons  r e p r e s e n t a t i v e  o f  observed atmospheric 

condi t ions  were s e l e c t e d  f o r  i n v e s t i g a t i o n .  In  a d d i t i o n ,  t h e  f r o n t a l  

motion was determined f o r  t h e  same i n i t i a l  condi t ions  (Table 1, column A) 

a s  used by Kasahara, Isaacson,  and Stoker  ( i b i d ) .  Since i n  t h e  l a t t e r  

model t h e  dynamics of  t h e  warm l a y e r  have been neglec ted  by assuming 

an i n f i n i t e l y  deep warm l a y e r ,  t h e  numerical problem reduces t o  one of 

p r e d i c t i n g  only t h e  motion of  t h e  co ld  a i r .  This  p a r t i c u l a r  problem s h a l l  

I)c r e f e r r e d  t o  a s  t h e  Itone layer f1  case.  

Even though t h e  i n i t i a l  condi t ions  and t h e  governing equa.tions 

of  a phys i ca l  system may be t h e  same, t h e  s o l u t i o n  t o  t h e  system may change 

s l i g h t l y  due t o  d i f f e r e n c e s  i n  numerical i n t e g r a t i o n  schemes. In t h e  

f r o n t a l  problem, an a d d i t i o n a l  discrepancy may occur  s i n c e  t h e  method f o r  

c a l c u l a t i n g  t h e  f r o n t a l  p o s i t i o n  is  a l s o  v a r i a b l e  ( see  s e c t i o n  4 ) .  

Figure 4 shows t h e  i n i t i a l  f r o n t a l  p o s i t i o n  and t h e  subsequent p o s i t i o n  

a f t e r  e i g h t  hours f o r  t h e  one l a y e r  model from Kasahara e t  a 1  and from 

using t h e  procedure descr ibed  i n  s e c t i o n  4. A s  i s  ev ident  from t h i s  

diagram, except f o r  t h e  c r e s t  o f  t h e  wave, t h e  agreement i n  t h e  

r e s u l t s  i s  f a i r l y  good. The curva ture  at  t h e  c r e s t  was reduced p r imar i ly  

by a Laplacian type smoothing opera t ion  which was used f o r  c o n t r o l l i n g  

no i se  e f f e c t s .  This  smoothing opera t ion  tended t o  f l a t t e n  he igh t s  i n  

a r eas  where t h e  s lope  o f  t h e  he ight  changed s i g n ,  f o r  example, a t  t h e  

c r e s t  o f  t h e  wave. 

Since t h e  r e a l  atmosphere f r equen t ly  e x h i b i t s  s i g n i f i c a n t  i n t e r a c t i o n  

between upper a i r  dynamics and low l e v e l  wave development, it was 

d e s i r a b l e  t o  determine t h e  e f f e c t  of  inc luding  t h e  dynamics of  a 

f i n i t e  upper l a y e r  on t h e  system descr ibed  above. Therefore ,  f o r  t h e  
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same i n i t i a l  condi t ions  used i n  t h e  one l a y e r  case ,  t h e  f r o n t a l  motion 

was determined f o r  a  system which included an upper l a y e r  having a 

depth of  18 km at  t h e  southern  boundary. A t ime sequence o f  f r o n t a l  

p o s i t i o n s  was cons t ruc ted  f o r  bo th  t h e  one l a y e r  case  (Figure 5) and 

t h e  two l a y e r  case  (Figure 6 ) .  Wind d i r e c t i o n  and v e l o c i t y  i n  t h e  cold 

a i r  is  shown f o r  t h e  n i n t h  hour.  The unusual kinematic  s t r u c t u r e s  i n  

t h e  one l a y e r  case  (Figure 5 p o i n t s  A and B) apparent ly  r e s u l t  from 

t h e  i n a b i l i t y  of  t h e  co ld  l a y e r  t o  adequately a d j u s t  i t s  mass i n  response 

t o  t h e  dynamics. This  i s  a  d i r e c t  r e s u l t  o f  t h e  neg lec t  o f  t h e  warm 

l a y e r  p e r t u r b a t i o n s .  The most u n r e a l i s t i c  f e a t u r e  o f  t h e  one l a y e r  

c a l c u l a t i o n  is  t h e  d i r e c t i o n  o f  flow o f  t h e  co ld  a i r  around t h e  c r e s t  

of t h e  wave. This  flow cannot e a s i l y  be r econc i l ed  i n  terms of  t h e  

c h a r a c t e r i s t i c  c i r c u l a t i o n  a s soc i a t ed  wi th  developing f r o n t a l  waves. In 

c o n t r a s t ,  t h e  two l a y e r  model appears  t o  be i n  good agreement with t h e  

observed kinematics  f o r  a  developing wave. Counter clockwise flow has 

developed around t h e  wave and warm f ron togenes i s  has  appeared a t  t h e  

n i n t h  hour.  

In o rde r  t o  exp la in  t h e  southward s h i f t  o f  t h e  e n t i r e  f ron t  i n  

t h e  i n i t i a l  s t a g e s  of  i n t e g r a t i o n  (Figure 6 ,  s i x t h  hour ) ,  a  more d e t a i l e d  

a n a l y s i s  was performed on t h e  f i r s t  s i x  hours  o f  f r o n t a l  motion. The 

a n a l y s i s  i n d i c a t e d  t h a t  s e v e r a l  hours  were r equ i r ed  f o r  t h e  i n i t i a l  wind 

and he ight  f i e l d s  t o  a d j u s t  t o  t h e  unbalanced i n i t i a l  cond i t i ons .  A t  

t ime t = 0 ,  t h e  zonal wind was i n  geos t rophic  balance while  t h e  meridional 

wind was l e f t  unbalanced and s e t  equal  t o  zero ( r e f e r  t o  i n i t i a l  cond i t i on ,  

Table 1, column A).  In  response t o  t h i s  imbalance, t h e  co ld  a i r  r a p i d l y  

acce l e ra t ed  southward. The one l a y e r  case  r equ i r ed  about f o u r  hours t o  
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c o r r e c t  t h e  imbalance while t h e  two l a y e r  case  needed approximately f i v e .  

'I'his r ap id  "sinking" of co ld  a i r  was accompanied by a  corresponding 

inc rease  i n  k i n e t i c  energy. Figure 7 shows t h e  change i n  t o t a l  k i n e t i c  

energy ( r e l a t i v e  t o  t h e  moving coord ina te  system) dur ing  t h e  adjustment 

per iods .  During t h i s  process  t h e  change i n  t o t a l  energy, k i n e t i c  p lus  

p o t e n t i a l ,  was l e s s  than a  t e n t h  of a  percent  i n  t h e  e i g h t  hour per iod  

f o r  both cases .  

In add i t i on  t o  t h e  e f f e c t s  d i scussed  above, t h e  inc lus ion  o f  t h e  

upper l a y e r  dynamics reduced t h e  wave speed from approximately 17 meters 

per  second i n  t h e  one l a y e r  case  t o  about 10 meters  p e r  second i n  t h e  

two l aye r  case .  Thus it seems t h a t  t h e  genera l  e f f e c t  o f  inc luding  t h e  

warm a i r  pe r tu rba t ions  i s  an o v e r a l l  s t a b i l i z a t i o n  o f  t h e  system. 

Following t h e  i n v e s t i g a t i o n  i n t o  t h e  e f f e c t s  of  imposing an 

upper l a y e r  on t h e  f r o n t a l  system, an e f f o r t  was made t o  s tudy t h e  

ind iv idua l  e f f e c t s  on t h e  f r o n t a l  motion due t o  s p e c i f i c  parameters .  In 

o rde r  t o  make such a  s tudy ,  a mean o r  b a s i c  s e t  o f  i n i t i a l  cond i t i ons ,  

r e p r e s e n t a t i v e  of  f r equen t ly  observed atmospheric cond i t i ons ,  was def ined .  

Once the  behavior of  t h e  f r o n t  was determined f o r  t hese  mean cond i t i ons ,  

a s i n g l e  parameter such a s  s h e a r  o r  wavelength could be va r i ed  and i t s  

c f f c c t s  i s o l a t e d .  A s  d i scussed  previous ly ,  t h e  use of  t h e  g e o s t r o p i ~ i c  

balance only i n  t h e  zonal wind f i e l d  r equ i r ed  a  s i g n i f i c a n t  amount o f  

time t o  s e t  up a  reasonable kinematic  s t r u c t u r e .  Therefore ,  it was 

decided t o  begin i n t e g r a t i o n  with t h e  co ld  l a y e r  i n  t o t a l  geos t rophic  

balance.  The complete s e t  o f  base  condi t ions  i s  shown i n  Table 1, 

column B.  Previous r e s u l t s ,  f o r  example t h e  warm f rontogenes is  a t  t h e  

n in th  hour of  t h e  two l a y e r  model (Figure 6 ) ,  i n d i c a t e d  t h a t  perhaps 
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add i t iona l  time was requi red  f o r  i n s t a b i l i t y  t o  develop. This seemed 

p a r t i c u l a r l y  t r u e  s ince  t h e  upper l aye r  ac ted  a s  a s t a b i l i z i n g  force  on 

the  e n t i r e  system. Thus, t h e  geostrophic base s t a t e  was in t eg ra ted  f o r  

36 hours r e a l  time. The r e s u l t s  a r e  shown i n  Figure 8. In genera l ,  

t h e  base condit ion produced a slow moving, s l i g h t l y  decaying, e a s t e r l y  

propagating wave. 

Having generated t h e  reference  case,  t h e  following two spec ia l  

cases were inves t iga ted :  1) wavelength increased t o  one and one-half 

times t h e  base wavelength; and 2) shea r  increased t o  twice t h e  base shear .  

After  twelve hours, t h e  long wavelength case produced no s i g n i f i c a n t  

change from t h e  base s t a t e  r e s u l t s  and was the re fo re  terminated.  The high 

shear  case proved t o  be uns table  and w i l l  be discussed i n  d e t a i l .  Figure 9 

shows t h e  time sequence of  development of  t h e  high shear  case along with 

t h e  wind speed and d i r e c t i o n  a t  t h e  t w e l f t h  hour. A l l  analyses shown 

a re  r e l a t i v e  t o  t h e  moving coordinate system. Although t h e  pos i t ions  of  

t h e  model's wind speed maxima and minima genera l ly  agree with observed 

pos i t ions ,  t he  magnitude o f  t h e  wind speed maxima (24 and 1 2  me te r s  per  

second) a r e  r a t h e r  l a rge  f o r  su r face  winds (normally 5 t o  10 meters pe r  

second). Considering t h a t  t h e  model i s  f r i c t i o n - l e s s  and t h a t  t h e  wind 

speed is i n d i c a t i v e  of t h e  mean speed f o r  t h e  l aye r ,  perhaps 850 o r  

700 mb wind speeds would be more s u i t a b l e  f o r  comparison. In t h i s  

case t h e  wind speeds a r e  reasonable.  Figures 10 and 11 show t h e  wind 

d i r e c t i o n  and v o r t i c i t y  p a t t e r n s  a t  t h e  twe l f th  hour f o r  both t h e  upper 

and lower l aye r s .  The i n i t i a l l y  zonal warm l a y e r  has i n t e r a c t e d  with t h e  

cold l aye r  t o  produce an upper l e v e l  trough t o  t h e  west of t h e  low l eve l  

trough, which agrees with b a r o c l i n i c  theory.  Considerable v o r t i c i t y  

advection and associa ted  divergence developed i n  advance o f  t h e  upper 
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trough. As would be expected, convergence developed ahead o f  t h e  trough 

i n  t h e  cold layer .  S imi la r ly ,  upper l e v e l  convergence and low l eve l  

divergence developed behind t h e  trough. 

Relat ive t o  t h e  ground, t h e  speed of both t h e  cold and warm f r o n t s  

was s l i g h t l y  f a s t e r  than normal. The average speed of t h e  cold f r o n t  

was about 14 meters p e r  second while t h e  warm f ron t  moved a t  about 12 

meters p e r  second. Due t o  a  numerical l i m i t a t i o n  on t h e  technique used 

f o r  c a l c u l a t i n g  t h e  f r o n t a l  pos i t ion ,  it was not  poss ib le  t o  continue t h e  

i n t e g r a t i o n  pas t  t h e  poin t  where t h e  f r o n t  ceased t o  be a  s ingle-valued 

funct ion.  Thus t h e  f r o n t a l  model could not  be in t eg ra ted  t o  t h e  occlusion 

s t age .  The r e l a t i v e  speeds of t h e  cold and warm f r o n t s ,  however, suggest 

t h a t  occlusion would occur. 
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5 .  CONCLUSION 

The two l aye r  f r o n t a l  model appears t o  be capable o f  reproducing 

the  bas i c  f ea tu res  of developing f r o n t a l  waves. Ci rcula t ion  around t h e  

model wave agrees with most observat ions and t h e  corresponding f i e l d s  o f  

v o r t i c i t y  and divergence support t h e  general  b a r o c l i n i c  theory associa ted  

with developing cyclones. Although t h e  l i m i t a t i o n s  of  t h e  numerical scheme 

prevented i n t e g r a t i o n  o f  t h e  f r o n t a l  motion p a s t  occ lus im,  t h e  r e s u l t s  

agreed r a t h e r  well  with observed f r o n t a l  behavior and ind ica ted  an 

occlusion process would occur. The o v e r a l l  e f f e c t  of including t h e  

dynamics of  an upper l aye r  seems t o  be a general  s t a b i l i z a t i o n  of  t h e  

e n t i r e  system. Since t h e  normal i n i t i a l  upper a i r  streamflow p a t t e r n  

a s scc ia t ed  with developing waves is  very r a r e l y  zonal,  t h i s  s t a b i l i z i n g  

e f f e c t  may be p e c u l i a r  t o  our i n i t i a l  condi t ions .  In t h e  r e a l  atmosphere 

t h e r e  i s  f requent ly  a s u b s t a n t i a l  degree o f  upper l e v e l  support i n  t h e  

form o f  a cold core high l eve l  synoptic  s c a l e  wave. Normally, t h i s  

synoptic  wave propagates eastward above t h e  low l e v e l  f r o n t a l  system 

and i n t e r a c t s  with it.  The s t r eng th  of  t h e  upper support i s  highly 

va r i ab le  and depends, among o the r  th ings ,  on t h e  i n t e n s i t y  and o r i e n t a t i o n  

of t h e  upper wave with respect  t o  t h e  f r o n t .  Thus, f o r  t h e  model's 

case,  i f  t h e  upper l a y e r  would have i n i t i a l l y  been i n  a pos i t ion  t o  

support su r face  development, t h e  p o t e n t i a l  energy consumed t o  deform t h e  

zonal upper l a y e r  could have been used f o r  wave development. 

Although t h e  r e s u l t s  o f  th i s s tudy  a r e  i n d i c a t i v e  o f  t h e  importance 

of t h e  upper l aye r ,  i n  view of t h e  above d iscuss ion ,  it seems log ica l  

t h a t  t h e  next s t e p  i n  an attempt t o  understand t h e  mechanism a t  work 

i n  f r o n t a l  wave development would be t o  begin i n t e g r a t i o n  with a wave 



i n  t h e  upper l e v e l .  However, from Grammeltvedt (1970), it appears t h a t  

t h e  e f f e c t  of  in t roducing t h e  i n i t i a l  d is turbance  e i t h e r  i n  t h e  upper 

l aye r  alone,  o r  i n  both l aye r s ,  is  not  l i k e l y  t o  modify t h e  r e s u l t s  

i n  any s i g n i f i c a n t  manner. 
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