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In order to simulate the climate of an ice age, a two-level, 

quasi-goestrophic, spectral general circulation model for the northern 
I 

hemisphere is developed. Horizontal diffusion and vertical shearing 

stresses are incorporated along with a diabatic heating function, in- 

cluding the effects of radiation, horizontal and vertical heat transfer 

and condensation heating. Orographic inflaences as well as land-sea- 

ice distributions of heating are represented at the lower boundary. 

The model was integrated forward in time for sixty days under two 

separate experimental conditions; one representing a present day mean 

July climate which is used as a bench mark for comparison and the other 

aimed at simulation of a summer ice age climate with particular emphasis 

on the last great ice age maximum of the Quaternary period some 18,000 

I 
years ago. Forcing and surface boundary conditions for the Quaternary 

integration were established from a variety of paleogeologic sources. 

Results of the statistical climate evaluations of the two model 

solutions show that the dynamic activity present in the Quaternary 

calculation was substantially greater than that observed in the corres- 

ponding present day integration, although this difference was essentially 

limited to eddy motions. The climatological manifestations of this 

observation are presented on a series of isobaric height contour charts 

which show that over North America during the Quaternary calculation an 

orographically induced high pressure ridge developed in the area of 
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maximum glaciation centered on Hudson Bay. The center of the circum- 

polar vortex, therefore, was forced to a position just south of Greenland. 
T 
\ 



Strong height gradients developed along the edges of the North Atlantic 

pack ice and, in Europe, a sharp low pressure trough appeared south 

of the Scandinavian glacier maximum in connection with a blocking 

high to the east. These features were not present in the clircbatological 

results of the present day mean July simulation. 

While the Quaternary ice age climatology presented cannot be con- 

sidered conclusive, some verification of the model results as compared 

with paleoclimatic observational studies is presented. 

Fred N. Alyea 
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Fort Collins, Colorado 80521 
August, 1972 
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I .  INTRODUCTION 

A.  H i s t o r i c a l  background 
1 

Geological evidence of  con t inen ta l  g l a c i a t i o n  was f i r s t  discovered 

more than two hundred years  ago. Since t h a t  time a g rea t  deal  of 

knowledge concerning t h e  physical  na tu re  of such g l a c i a t i o n s  and 

t h e  mul t ip le  recurrences of i c e  ages has been accumulated. In add i t ion ,  

a m u l t i p l i c i t y  of theor i e s  on t h e  poss ib le  causes o f  t h e  onse ts  of  

these  i c e  ages have been introduced although none of  these  appear 

t o  s a t i s f y  a l l  of t h e  requirements of  an i d e a l  theory.  However, l i t t l e  

considerat ion has been given t o  c l imatologica l  manifestat ions of  t h e  

general  c i r c u l a t i o n  of  t h e  atmosphere due t o  t h e  presence of an i c e  

age. This r epor t ,  t he re fo re ,  is an attempt t o  s imulate t h e  e f f e c t s  

of  an i c e  age and t o  deduce t h e  r e s u l t i n g  c l imatologica l  atmospheric 

c i r c u l a t i o n  over the  northern hemisphere. 

Most previous at tempts a t  e s t a b l i s h i n g  paleocl imates have r e l i e d  

heavi ly  upon d i r e c t  geological  observat ions t o  deduce su r face  condit ions 

which imply c e r t a i n  atmospheric f ea tu res .  A t  b e s t ,  however, t hese  

observat ions a r e  fragmentary and apply over  very l imi t ed  a reas  of t h e  

globe. One such example i s  presented by Schwarzbach (1963) i n  which 

high and low pressure  areas  i n  c e n t r a l  Europe during t h e  l a t e r  p a r t  of  

t h e  ~ u r m  Ice  Age a r e  reconstructed (Poser, 1948) fromthe bedding of 

sand dunes. A f a r  more powerful t o o l ,  however, l i e s  i n  t h e  e s t a b l i s h i n g  

of su r face  temperatures from such geological  evidence a s  t h e  pas t  d i s t r i b u -  

t i o n s  of tundra a reas ,  t h e  limits of  t r e e  l i n e s ,  and t h e  presence o f  

various types of  vegetat ion.  Some paleotemperatures f o r  ocean a reas  



have been obtained using a technique f i r s t  formulated by Urey (1947) 

involving the  r e l a t i v e  abundance of  c e r t a i n  oxygen isotopes i n  t h e  

carbonate skeleton depos i t s  of aquat ic  animals ( f o r  a luc id  desc r ip t ion  

of t h i s  process see  Emil iani ,  1958 o r  i n  more d e t a i l  Emiliani,  1955). 

These temperatures a r e  then ext rapola ted  v e r t i c a l l y  through co r re l a t ions  

with s i m i l a r  condit ions observed today and thus  a thermal wind f i e l d  

i s  obtained. One of  t h e  most comprehensive s t u d i e s  of t h i s  type was 

undertaken by Lamb and Woodroffe (1970) f o r  t h e  l a s t  g l a c i a l  maximum 

(Wisconsin o r  ~ G r m  111) of  about 18,000 years  ago. 

A more d i r e c t  pa leocl imat ic  s e r i e s  of  ca l cu la t ions  using a two 

dimensional ( l a t i t u d e  and t h e  v e r t i c a l )  predic t ion  model f o r  t h e  

purpose of t e s t i n g  various i c e  age t h e o r i e s  was presented by MacCracken 

(1968). Although t h e  main t h r u s t  of t h i s  s tudy involves t h e  onset  

of  g l ac ia t ion  and hence f u l l  g l a c i a l  su r face  boundary condit ions a r e  

not  present ,  a number of  c l imatologica l  t rends  a r e  observable i n  t h e  

time in teg ra t ions  a s  they developed over t h e  year  and a h a l f  p red ic t ion  

periods.  The model i s  l imi t ed  f o r  t h e  establishment of  a general 

climatology, however, due t o  i t s  two dimensional na tu re  which omits 

longi tudinal  land-sea-ice d i s t r i b u t i o n s  o f  hea t ing  and topography 

and gives only cursory treatment  t o  t h e  e f f e c t s  o f  Rossby-type wave 

ac t ion .  The ind ica t ion  is  t h a t  a t h r e e  dimensional general  c i r c u l a t i o n  

model would be more p r a c t i c a l  f o r  t h e  present  study. 

The modern e r a  o f  numerical s imulat ion o f  t h e  general  c i r c u l a t i o n  

was i n i t i a t e d  by P h i l l i p s  (1956) i n  which t h e  gross f e a t u r e s  o f  

atmospheric flow were developed from an i n i t i a l  s t a t e  of  r e s t .  One 

of the  more important r e s u l t s  of  t h i s  experiment was t h e  demonstration 

of t h e  computer a s  an important t o o l  f o r  t h e  so lu t ion  of l a rge  hydro- 

dynamic flow problems. With t h i s  development, a few more r e f ined  



and de ta i l ed  models of the  general c i rcu la t ion  began t o  appear, 

notably, those of Smagorinsky (1963), Mintz (1964), and Leith (1965), 

u n t i l  today the re  are  a number of very sophis t ica ted  ca lcula t ions  

current ly  being run. The main t h r u s t  a t  t h e  present  time seems t o  

be d i rec ted  toward de ta i l ed  shor t  period weather predic t ions  with 

a high degree of r e l i a b i l i t y .  This goal,  of course, is  not  t h e  aim 

of t h e  present  study as  we seek t o  e s t a b l i s h  cl imatological  so lut ions  

over long time periods of in tegra t ion .  

Perhaps t h e  most promising method of deducing a climate i s  the  

approach formulized by Lorenz (1964) i n  which t h e  time-dependent 

equations of atmospheric motion, subject  t o  var iable  lower boundary 

surface  conditions and s o l a r  forcing,  a re  in tegra ted  f o r  extended 

periods of time and then s t a t i s t i c a l  r e s u l t s  a r e  compiled from t h e  

solut ions .  With t h i s  method, s t a r t i n g  with a r b i t r a r y  i n i t i a l  condit ions,  

t r a n s i e n t  q u a n t i t i e s  withing t h e  sca les  resolvable by t h e  model a r e  

f r e e  t o  develop na tu ra l ly  due t o  t h e  physical i n s t a b i l i t i e s  of t h e  

system. Thus the  important la rge  sca le  nonlinear in te rac t ions  and 

t ranspor t  e f f e c t s  a r e  included i n  t h e  cl imatological  so lut ions .  For 

a p a r t i c u l a r  s i t u a t i o n  under inves t igat ion,  then, a  climate i s  allowed 

t o  develop according t o  t h e  surface  boundary and s o l a r  forcing 

conditions present  along with i n t e r n a l  adjustments inherent  i n  

the  physical equations. While t h e  question of complete climate 

determinism remains open (Lorenz, 1968), confidence i n  t h i s  procedure 

f o r  obtaining large  sca le  c l imat ic  solut ions  has increased g rea t ly  over 

the  years a s  more r e a l i s t i c  models have been presented (c f . ,  Smagorinsky 

e t  a l . ,  1965; Mintz, 1968; Kikuchi, 1969; and Washington and Kasahara, 



B. Outline of the  climatological experiments 

Because the s t a t e  of the  general c i rcu la t ion  during past  geologic 

eras is not well defined, a d i rec t  comparison of model r e su l t s  with 

paleoclimatic flow patterns is not possible.  Therefore, the  model 

must f i r s t  be t es ted  under known yonditions using current data  t o  

1 
obtain a bench mark f o r  comparison. This means t ha t  two separate 

time integrations w i l l  be performed: one under present conditions 

and the  other f o r  the i c e  age s i t ua t i on  chosen. While it i s  not 

expected t h a t  the  model w i l l  reproduce more than some of the  gross 

features associated with a par t i cu la r  climate, major emphasis w i l l  be 

placed upon the  difference between the two cl imat ic  solutions 

ra ther  than upon t h e i r  absolute values. This approach has the advantage 

of neutral izing,  a t  l e a s t  in  part, some of the  physical l imi ta t ions  

and uncer ta int ies  associated with the  model under the  assumption 

t ha t  these conditions w i l l  induce s imi la r  (but not necessari ly the  

same) e f fec t s  upon both solutions.  

We have chosen t o  simulate mean sunper (July) climates f o r  
% I 

both experimental calculat ions using fixed so l a r  forcing and surface 

boundary values associated with the time periods i n  question. A 

detai led discussion concerning the  generation of the  pa r t i cu l a r  

boundary conditions used i n  t he  model experiments i s  contained i n  

Chapter 111. Summer s i tua t ions  were selected because t h i s  is  the  

time of the  year when the  greates t  contrast  between ice  age and present 

day climates is expected. For the  i c e  age experiment we w i l l  
. . 

confine ourselves t o  the  last great  g lac ia l  maximum (Wisconsin/Wurm) 

i n  the Pleistocene stage of the  Quaternary period which occurred 



about 18,000 years ago. Selec t ion of t h i s  time period was based upon 

t h e  r e l a t i v e  abundance of geological da ta  avai lable  f o r  t h e  construction 

of the  g l a c i a l  geography and pelagic temperatures. Further, t h e  

orography of  nonglaciated land areas  during t h e  Quaternary period was 

much t h e  same a s  today. 

Because of the  long time periods involved i n  t h e  in tegra t ion  

of a general c i rcu la t ion  model, control  ovep t h e  i n i t i a l  s t a t e  of  t h e  

atmosphere is gradually taken over by t h e  forc ing and boundary conditions. 

While i t  i s  not c e r t a i n  t h a t  the  climatology derived from steady s t a t e  

solut ions  of such a model is completely independent of i t s  i n i t i a l  

configurat ion,  we w i l l  assume, a s  i s  customarily done, t h a t  an a r b i t r a r y  

i n i t i a l  s t a t e  is permissible. One popular approach i s  t o  begin with 

an atmosphere i n  a s t a t e  of r e s t  ( f o r  example see  Mintz, 1968 o r  Kikuchi, 

1969) and continue the  ca lcula t ion u n t i l  a cl imatological  s teady s t a t e  

i s  obtained. However, i n  an attempt t o  shorten t h e  ca lcula t ion re -  

quired t o  reach such a steady s t a t e  but s t i l l  preserve a known i n i t i a l  

configuration a s  a b a s i s  f o r  observing and comparing diverging 

tendencies of t h e  solut ions  as  they develop, we have e lec ted  t o  begin 
l 

our ca lcula t ions  using current  meah J u l y  data.  Thus, t h e  nonlinear 

exchange proper t ies  of the  model a r e  immediately a c t i v e  along with 

a representa t ive  mean flow f i e l d  and temperature d i s t r i b u t i o n  and t h e  

model can a t t a i n  a quasi  s teady s t a t e  i n  a r e l a t i v e l y  shor t  period 

of  time (within f i f t e e n  days f o r  t h e  present  ca lcu la t ions ) .  

A f i n a l  note should be taken concerning t h e  durat ion of  t h e  time 

i n t e g r a t i o ~ s .  Because t h e  model forc ing is  f ixed t o  s t rong summer 

1 
conditions without allowing f o r  seasonal changes it cannot be expected 

t h a t  c l imat ic  r e s u l t s  obtained from very long time period solut ions  



would necessarily be representative of actual conditions. Indeed, the 

possibility exists that a general circulation model (and even the real 

planetary atmosphere) under the influence of some 60 days of July forcing 

would eventually attain climatic states somewhat different from the 

ones under investigation here. While the detection of such a 

which we will characterize by the term "degenerate solution", must be 

approached subjectively we will seek to determine its existence by 

taking note of the behavior of the level of total kinetic energy 

during the integration periods for the two model runs. The experiments 

will be terminated at a point where the temporal kinetic energy pro- 

files appear to show unnatural features. An alternate but computationally 

more difficult and expensive approach would be to allow for seasonal 

variations in the solar forcing and surface boundary values and integrate 

through several years. A statistical climate for each season can 

then be established by combining ;he results for the same months over 

the years contained in the calculation, exactly as is done with current 

observationally derived climate evaluations. However, such a procedure 

is well beyond the scope of the present study and we have limited our 

calculations to sixty days keeping in mind that some of the derived data 

near the end of this time period may not be useful. 



11. THE MODEL 

A. Introduction 

We seek t o  e s t a b l i s h  a general c i rcu la t ion  model applicable over 

a wide range of planetary and atmospheric condtions. A number of 

models which might be s u i t a b l e  f o r  t h i s  purpose have been developed 

i n  recent  years (cf ,  Smagorinsky e t  . a1 . , 1965; Kasahara and Washington, 

1967; Mintz, 1968) which show t h a t  climate simulation using f a i r l y  

well known atmospheric and boundary conditions from current  da ta  can 

be a t t a ined  with good r e l i a b i l i t y .  However, it is f e l t  here  t h a t  many 

of these models exhibi t  a degree of soph i s t i ca t ion  which cannot be 

wholly j u s t i f i e d  f o r  our purposes when we consider t h e  dearth of  geo- 

physical da ta  avai lable  f o r  climate simulation of pas t  geologic ages. 

Consequently, we have developed a model represented i n  the  "spectral" 

domain which, while el iminating many of t h e  physical complexities 

from the  general atmospheric equations, s t i l l  r e t a i n s  the  b a s i c  

large-scale  physical processes governing planetary cl imates.  

B. The bas ic  equations 

In order t o  e s t a b l i s h  an e e r g e t i c a l l y  consis tent  general c i rcu la -  7 
t i o n  model we have reduced t h e  d i f f e r e n t i a t e d  form of t h e  pr imi t ive  

equation system following Lorenz (1960) through u t i l i z a t i o n  of t h e  quasi-  

geostrophic assumption and reduction of t h e  equation of balance t o  a 

form of t h e  geos t rophic  equation. Hydrostatics a re  assumed throughout 

In addit ion,  t h e  model incorporates hor izonta l  diffusion and v e r t i c a l  
I 

shearing s t r e s s e s  along with a non-adiabatic heating function including 



the e f f ec t s  of radia t ion,  horizontal  and ve r t i c a l  heat  t r ans f e r  and 

condensation heating. A t  the lower boundary we represent orographic 

e f f ec t s  a s  well as  a land-sea-ice d i s t r ibu t ion  of heating. 

The horizontal  wind f i e l d  (W) is  represented i n  terms of a stream 

function ($) and a veloci ty  potent ia l  (x) such t ha t  

where k is  the  un i t  vector i n  the  di rect ion of increasing geopotential 

( 0 )  (Throughout t h i s  paper we w i l l  assume a l l  horizontal  l inear  

d i f f e r en t i a l  operators t o  b e m  terms of spherical  coordinates). In 

pressure (p) coordinates the vo r t i c i t y  equation i s  writ ten i n  the  form 

- - - -5($,v2) + f )  - O WX + F a t  (2 

and the  divergence equation i s  simplif ied t o  the  geostrophic re la t ionship  

In ( 2 ) ,  F represents the  ve r t i c a l  component of the  cur l  of s t r e s s  

and diffusion ( to  be discussed i n  more d e t a i l  l a t e r )  and J is  the 

Jacobian operator i n  spherical  coordinates (cf ,  Baer and Alyea, 1971) . 
The thermal propert ies of t,he model a re  t rea ted  through use of 

I 
the thermodynamic energy equation. In terms of potent ia l  temperature 

(8) we have 

1 '  The term - Q represents the  r a t e  of potent ia l  temperature change due C 
P 

t o  a l l  forms of nonadiabatic heating which w i l l  be t rea ted  with some 

d e t a i l  below. w i s  the individual pressure change. 



I '  
In order t o  insure mass balance i n  t he  model and t o  simplify the  

prediction equations we introduce the  continuity equation i n  the  form 

I t  i s  convenient t o  define a new v B r i ab l e  X (Lorenz, 1960) such t ha t  

whereby 

Introduction of (7)  i n to  (5) a1 lods a s impl i f icat ion of mass continuity 

w = v 2 x  . 
I 

A fu r ther  reduction of the  model equations occurs through applica- 

t i on  of the  operator a / a p K  t o  (3) whereby 

The quanti ty K is defined as the r a t i o  of the  gas constant (R) t o  the  

spec i f ic  heat  a t  constant pressure of dry a i r ,  (C P ), given approximately as  

0 . 2 8 5 7 .  Introducing hydrostat ics 

where we have made use of the equation of s t a t e  

I. 
p =  KC T 

P 

and the def in i t ion  of potent ia l  temperature 



we can transform (9) i n t o  the  thermal wind re la t ionship  
I 

1 
Further, application of (7) and (8) allows us t o  el iminate w and x 

and wri te  the  prediction equations (2) and (4) i n  the  form . 

and 

We note t h a t  the  system (13) - (15) represents a closed s e t  of equations 

i n  variables $ , X , and 8 provided, of course, t ha t  the  d i ss ipa t ive  

and nonadiabatic heating functions a r e  completely specif ied i n  terms 

of the  model var iables  and known constants. 

I 

C. Vertical  s t r u c t u ~ %  of the  model atmosphere 

I 
The model atmosphere i s  divided i n t o  two layers  with subscript  

level  designations as shown i n  Fig. 1. We see  t h a t  the  v o r t i c i t y  and 

thermodynamic energy equations a r e  applied a t  l eve l s  1 and 3 while X 
I 

must be evaluated a t  l eve l s  0,  2," and 4. In addit ion,  as  we s h a l l  

see  l a t e r ,  we must a l so  determine $ and 8 a t  the  lower boundary 

surface,  4. Applying f i n i t e  d i f f e r en t i a t i on  t o  a l l  v e r t i c a l  der ivat ives  

i n  (14) and (IS), t he  four prognostic equations can now be writ ten 

I 



FIGURE 1. Vertical structure of the model atmosphere. 



av24J3 -- I V fv(x2 - X,) + F 3  a t  - -J($,, v ~ $ ~  + f )  - - 
p2 

Simi lar ly ,  t h e  d iagnos t ic  thermal wind r e l a t i o n s h i p  (13) becomes 

where we def ine  

D. Boundary condit ions 

I 

Because of t h e  necess i ty  t o  conserve t h e  t o t a l  mass o f  t h e  model 

atmosphere we t ake  a s  t h e  upper boundary condit ion 

A t  t he  lower boundary (1000 mb pressure  sur face)  we w i l l  use t h e  

approximation 



where we have assumed the  surface streamfunction i s  proportional t o  

$3 such t ha t  

with A being constant (A = 213 f o r  our calcula t ions) .  ps i s  a 

constant standard surface density and hS represents the  height of 

1 the topography above sea  l eve l .  For the  surface term - e4v2x4 
p2 

i n  the fourth equation of (16) we use with the  a id  of (20) 

where we have made use of the  equation of s t a t e  (11) a t  the  1000 mb 

level  through (12) i n  the  form I 

I 

Inser t ing (19) and (22) i n  (16) we get  t he  prognostic s e t  



E .  Vor t ic i ty  change due t o  d i f fus idn  and stress 

We now tu rn  t o  spec i f i ca t ion  of t h e  forms of t h e  d i f fus ion 
i 

and s t r e s s  terms F1 and F 3  . Let us def ine  f o r  any a r b i t r a r y  

leve 1 

where T represents  t h e  shearing s t r e s s  and i s  t h e  coef f i c ien t  

of horizontal  momentum dif fus ion.  Following t h e  development i n  spher ica l  

coordinates s imi la r  t o  t h a t  presented by Baer and Alyea (1971) we 

f ind  t h a t  t h e  hor izonta l  d i f fus ion can be represented by 

where a i s  t h e  mean radius of the  ea r th .  We choose t o  ignore the  

l a s t  two terms on t h e  right-hand s ide  of (26) s ince  they w i l l  be 

dominated by t h e  shearing s t r e s s e s .  

Turning t o  consideration of the  shearing s t r e s s e s  we s h a l l  follow 

i n  general t h e  representat ions as  out l ined by P h i l l i p s  (1956) and 

Charney (1959). We assume t h a t  t h e  s t r e s s  vanishes a t  t h e  top  of t h e  

model atmosphere (ro = 0) such t h a t  

Thus we must evaluate t h e  s t r e s s  vector  (a) a t  t h e  mid-level and a t  the  

surface.  In t h e  f r e e  atmosphere t h e  s t r e s s  i s  taken proport ional  t o  

the  wind shear whereas t h e  surface s t r e s s  i s  represented f o r  s impl ic i ty  

by a l inear ized form of t h e  square 'of  the  wind. These assumptions 

allow us t o  wri te  



where % and kS represent  coef f i c ien t s  of  v e r t i c a l  mmmentum 

dif fus ion i n  the  f r e e  atmosphere and a t  the  surface  respect ively .  Values 

used f o r  , , AMVS along with constant parameters t o  be 

described l a t e r  a re  tabulated in,Appendix A. I t  should be noted t h a t  

the  coef f i c ien t  AMVS includes the  e f f e c t  of  the  mean surface wind 

- 1 
speed assumed t o  be about 10 m s a t  anemometer l eve l .  For the  surface  

s t r e s s  we have a l s o  made use of the  boundary condition (21) i n  order  

t o  represent  the  surface  wind i n  terms of the  wind f i e l d  a t  level  3 .  

Application of conditions (28) t o  (27) and u t i l i z i n g  (1) which defines 

the  re la t ionsh ip  between t h e  wind f i e l d  and i t s  nondivergent and 

i r r o t a t i o n a l  components, we f ind  f o r  t h e  c o n t r i b u t i o n - t o  v o r t i c i t y  
1 
I 

change due t o  s t r e s s  a t  l eve l s  1 and 3 
I 

Upon evaluation of the  reduced form of (26) a t  l eve l s  1 and 3 i n  

combination with (29) t h e  f i n a l  forms of v o r t i c i t y  change due t o  d i f f u -  

s ion and s t r e s s  can now be wr i t t en  a s  



F. Diabatic  hea t ing  of  t h e  model atmosphere 

For t h e  thermodynamic equations of  t h e  prognost ic  s e t  (24) we 

w i l l  separa te  t h e  r a t e  of d i a b a t i c  hea t ing  (Q) i n t o  four p a r t s  such 

t h a t  

$SW 
'LW + QSH + QC Q = + Q 

QSW where and iLW represent  t h e  r a t e s  of hea t ing  due t o  short-wave 

QSH 
and long-wave rad ia t ion  absorpt ion,  denotes t h e  hea t ing  r a t e  due 

t o  sens ib le  hea t  t r a n s f e r r e d  t o  t h e  atmosphere from t h e  e a r t h ' s  su r face  

and between atmospheric l aye r s ,  and Q' is  t h a t  hea t ing  r a t e  which 

can be a t t r i b u t e d  t o  condensation processes within t h e  model atmosphere. 

In t h e  formulation of  t h e  various terms i n  (31) we have attempted t o  

include a s  wide a range of v a r i a b i l i t y  a s  seems cons i s t en t  with t h e  

c l imatologica l  s i t u a t i o n s  which might have occurred during t h e  more 

recent  geologic e r a s .  Furthermore, ca re  has been taken t o  cons t ruc t  

the  hea t ing  funct ions a s  f a r  a s  poss ib le  i n  terms of known model va r i ab les  

r a t h e r  than r e ly ing  upon current  c l imatologica l  values which would tend 

t o  b i a s  t h e  r e s u l t s  toward present  day conditions. Thus, f o r  example, 

t h e  l a rge  s c a l e  d i s t r i b u t i o n  of water vapor, i n  t h e  absence of  a predic t ion  

equation f o r  t h i s  quant i ty ,  is determined d iagnos t i ca l ly  a s  a funct ion 

of the  zonal surface t e m p e r a t u r e  d i s t r i b u t i o n  and pressure .  This i s  

espec ia l ly  important t o  t h e  long-wave absorpt ion and condensation 

heat ing  terms which can thus  a d j u s t  i n t e r n a l l y  t h e  model fo rc ing  t o  

allow f o r  a range of c l ima t i c  p o s s i b i l i t i e s .  
. I (  : 

I 
Let us first t u n  t o  s p e c i f i c a t i o n  of  t h e  r a t e  of d i a b a t i c  hea t ing  

' SW due t o  absorpt ion of s o l a r  energy, (Q ) Over t h e  g r e a t e r  p a r t  of  t h e  

e a r t h  we w i l l  concern ourselves only with SW absorpt ion i n  t h e  model 

1 



layers  centered a t  l eve l s  1 and 3 .  However, s ince  we intend t o  speci fy  

surface temperatures over land and i c e  through an energy f l u x  balance 

(pelagic temperatures a r e  assumed constant with time and w i l l  be com- 

p l e t e l y  determined by t h e i r  i n i t i a l  values) we must a l s o  evaluate t h e  

s o l a r  energy f l u x  absorbed by these  surfaces.  Because no r e l i a b l e  

est imations of atmospheric s o l a r  absorption over pas t  geologic ages a r e  

avai lable  and a l s o  because reasonable deviat ions from current ly  ava i l -  

able  da ta  w i l l  not mater ia l ly  a l t e r  t h e  general climatology of our 

model over seasonal time periods of in tegra t ion,  we w i l l  construct  t h e  

SW absorption functions from recent  est imations.  

In general SW rad ia t ion  da ta  of London (1957) w i l l  be used with 

some adjustments based upon more recent  s a t e l l i t e  observations. Of 

prime importance t o  our ca lcu la t ions  i s  t h e  apparent overestimation 

by London and o the r  p r e - s a t e l l i t e  inves t igators  of t h e  e a r t h ' s  planetary 

albedo, e spec ia l ly  i n  the  t rop ics .  A comparison between t h e  planetary 

albedo f o r  t h e  northern hemisphere i n  summer ( J J A )  obtained by Vonder 

Haar (1968) from a l l  s a t e l l i t e s  f o r  years 1962 t o  1966 and t h a t  taken 

from da ta  by London (1957) is  shown i n  Table 1. Vonder Haar and 

Hanson (1969) suggest t h a t  t h e  f a i r l y  large  discrepancy between t h e  

two s e t s  o f  values (especia l ly  i n  t h e  t rop ics )  can be a t t r i b u t e d  t o  

an overestimation by London of t h e  r e f l e c t i v i t y  of clouds. Accordingly, 

we have adjusted downward t h e  London da ta  f o r  s o l a r  r ad ia t ion  r e f l e c t e d  

and s c a t t e r e d  t o  space t o  compensate f o r  t h e  albedo di f ference .  Since 

it appears t h a t  London's estimation of t h e  SW energy absorbed by 

the  atmosphere i s  approximately correc t  (Vonder Haar and Hanson, 1969), 

the  excess energy obtained by lowering t h e  cloud albedo w i l l  serve t o  

increase t h e  s o l a r  energy a r r iv ing  a t  t h e  surface.  These values a r e  



TABLE 1. Summer (JJA) values used f o r  SW rad ia t ion  terms. Numbers i n  parentheses represent  ext rapola ted  
values. - 

Degrees Tiorth Lat i tude  0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80 80-90 

London .35 .31 

Planetary Albedo 

Vonder Haar .23 .23 .24 .25 .30 .35 .39 

London 
SW 

Q4 ( lylday) 

Adjusted 

*SW *SW 
Q1 / Q ~ ~ ~ ~ ~  (Davis) ( .260) ( .260) .256--- .250 .247 .255 .267 (.280) (.295) ,!,, 

03 ..: 

*SW *SW 
Q3 l Q ~ ~ ~ ~ ~  (Davis ) 

SW 
QTOTAL (lylday) London 



shown i n  Table 1. ( I t  should be noted here t h a t  London and Sasamori, 

1971, have r ecen t ly  revised  t h e  e a r l i e r  work by London which r e s u l t s  

i n  a global  p lanetary  albedo somewhat lower than given i n  t h e  previous 

study) . 
In order  t o  est imate t h e  d iv i s ion  between t h e  two model l aye r s  of  

t h e  t o t a l  s o l a r  r a d i a t i v e  energy absorbed by t h e  atmosphere we w i l l  

make use of  some r e s u l t s  of Davis (1963) and apply t h e  computed r a t i o s  

t o  London's da ta .  A s  i s  s h ~ w n  i n  Table 1 about twenty f i v e  percent  of 
1 

t h e  t o t a l  absorbed SW energy can be appl ied  t o  t h e  upper h a l f  of 

t h e  atmosphere. Ratios from Davis 's values have been ext rapola ted  

t o  the  po la r  and equa to r i a l  regions.  

Because we want t o  determine su r face  temperatures over land and 

i c e  from an energy f l u x  balance a t  t h e  sur face  we must speci fy  t h e  SW 

energy absorbed by these  sur faces .  For land we w i l l  use t h e  r e l a t i o n -  

sh ip  

' SW FY ] land = (1 - as) Q4 

where SW represents  t h e  SW energy f l u x  absorbed by t h e  underlying F~ 

s u r f  ace, Qy is t h e  s o l a r  energy a r r i v i n g  a t  t h e  sur face  and u 
S 

denotes t h e  su r face  albedo. Data used f o r  t h e  albedos of land and i c e  

can be found i n  Appendix A. For i c e  a s l i g h t  adjustment i n  t h e  su r face  

absorp t iv i ty  f a c t o r  (1  - as) i s  made t o  account f o r  hea t  l o s t  a t  t h e  

su r face  due t o  evaporation (sublimation).  F le tcher  (1965) compiled 

da ta  co l l ec ted  a t  various Russian i d  American p o l a r  i c e  d r i f t i n g  

s t a t i o n s  which i n d i c a t e s  t h a t  during t h e  summer months about twelve 

percent of t h e  absorbed SW r a d i a t i o n  is l o s t  through evaporation. 

Accordingly, f o r  i c e  we l e t  



' SW FY ] i ce  = .88(1 - cis) Q4 

The r a t e  of d iaba t i c  heating due t o  long-wave (LW) rad ia t ion  and 

absorption a t  any level  can be given by 

where FN is  the  ne t  LW f l u x  passing through a l eve l  and is  defined 

as t h e  d i f ference  between the  upward (F+) and downward (FJ.) direc ted  

LW components. That i s  1 

We have chosen t o  adopt t h e  method of Sasamori (1968) i n  which t h e  

downward and upward f luxes a t  l eve l  p a r e  given by 

where 0 i s  Stefan 's  constant ,  R represents  a mean absorpt iv i ty  and 

u is the  e f f e c t i v e  amount of absorbing gas i n  a v e r t i c a l  a i r  column 

of un i t  c ross  sec t ion.  I f  we l e t  q denote t h e  mixing r a t i o  of t h e  

absorbing gas, t h e  e f f e c t i v e  path length can be wr i t t en  a s  

For t h e  purposes of  our paleoclimatological model we w i l l  consider only 

two absorbing gasses, carbon dioxide and water vapor. A s  an approxima- 

t i o n  t h e  mixing r a t i o  of carbon dioxide (qc) i n  t h e  atmosphere w i l l  be 
I 

asswned constant and given by t h e  r e l a t i o n  



c 
= .480 (cm) 

p4 
l 

an3 thus the  e f fec t ive  pa th  length f o r  carbon dioxide (u c ) from (37) 

becomes 

In order  t o  evaluate t h e  e f f e c t i v e  path length f o r  water (uw) we 

w i l l  assume t h a t  f o r  c l e a r  sk ies  t h e  mixing r a t i o  of  water vapor is  

v e r t i c a l l y  d i s t r i b u t e d  according t o  

I 

where q4 represents  t h e  mixing r a t i o  a t  t h e  surface.  Using a modifica- 

t i o n  of t h e  in tegra ted  Clausius-Clapeyron equation we have devised a 

cl imatological  r e la t ionsh ip  f o r  t h e  surface  mixing r a t i o  i n  terms of 

the  zonal mean surface  temperature (T4Z) and known constants .  That is 

In  (41), eo is t h e  sa tu ra t ion  vapor pressure a t  t h e  f reezing point 

(6.11 mb), LEV and Rv a r e  t h e  l a t e n t  heat  of vaporization (2500 

- 1 -1 -1 joules g ) and the  gas constant f o r  water vapor (.461 joules g K ) 

respect ively .  
Ts 

is  an empirical constant equal t o  277.31 K. A 

comparison between surface mixing r a t i o s  obtained from (41) and values 

given by London (1957) f o r  a l l  seasons and l a t i t u d e  b e l t s  is shown i n  

Fig. 2a. Fig. 2b depic ts  some representa t ive  values of  t h e  v e r t i c a l  

d i s t r i b u t i o n  of t h e  water vapor mixing r a t i o  computed from (40).  

Of course t h e  t o t a l  LW absorption path length due t o  water 

const i tuents  i n  the  atmosphere is add i t iona l ly  e f fec ted  by the  l i q u i d  

water content i n  clouds. We w i l l  assume t h a t  clouds can be accounted 
I 
I 



FIGURE 2a. Empirically derived 1000 mb spec i f i c  
humidity as a function of the  zonal mean 
surface temperature. Circ les  denote 
values given by London (1957) f o r  a l l  
l a t i t ude  b e l t s  and seasons. Saturation 
values a r e  represented by the  dashed 
curve. 

FIGURE 2b. Vertical  d i s t r i bu t i ons  of spec i f i c  
humidity assumed f o r  a se lect ion 
of zonal mean sur face  temperatures 
(K) 



f o r  i n  a cl imatological  sense by augmenting t h e  water vapor content of 

the  atmosphere. That is ,  i f  we l e t  qc,, represent  t h e  mixing r a t i o  

of l i q u i d  water under conditions of mean cloudiness, we w i l l  a s s e r t  

t h a t  

We see  t h a t  the  form of (42) allows f o r  t h e  equivalent cloud d i s t r i b u -  

t i o n  i n  terms of water vapor t o  be zero a t  t h e  top  and bottom of 

t h e  atmosphere but  a t t a i n s  a maximum value i n  t h e  lower layer  a t  t h e  

750 mb leve l .  Furthermore, t h e  t o t a l  water content f o r  clouds i n  a 

v e r t i c a l  column of u n i t  cross sec t ion  i s  four  percent of the  t o t a l  

water vapor i n  t h e  column as  given by t h e  v e r t i c a l  in tegra t ion of  ( 4 0 ) .  

A t  f i r s t  t h i s  would appear t o  be an accessively large  value u n t i l  we 

consider t h a t  clouds appear e s s e n t i a l l y  as  black bodies t o  LW 

r a d i a t i v e  f luxes .  A s  such, t h e  equivalent water vapor representa t ion 

f o r  mean cloudiness i n  (42) is  probably on t h e  conservative s i d e .  * 

Combining (40) and (42) t h e  t o t a l  mixing r a t i o  due t o  water const i -  

uents (qw) becomes 

and thus from (37) 

We can now u t i l i z e  (39) and (44) t o  est imate the  n e t  downward 

and upward LW f luxes  given by (36) and required by (34) and ( 35 ) .  

*Subsequent analys is  of (42) shows t h a t  t h i s  parameterization of  t h e  
c loudiness  exh ib i t s  a neg l ig ib le  e f fec t  upon t h e  LW f l u x  f i e l d s ,  contrary 
t o  observations. 



Applying f i n i t e  d i f f e r en t i a t i on  t o  (34) a t  l eve l s  1 and 3 r e  have f o r  

the  r a t e s  of d i a b a t i ~  heating due t o  LW radia t ion and absorption 
-- - - - - . - - - 

where we see t h a t  we must evaluate ne t  f luxes a t  levels  0, 2 ,  and 4. 

The d e t a i l s  of these computations can be found i n  Appendix B where 

it i s  shown t h a t  i n  terms of po ten t ia l  temperature 

Furthermore, since we w i l l  need surface LW radia t ion f lux  values f o r  

our computation of surface temperatures over land and i c e  we can wr i te  

LW LWW 
FN (p41 = F y  + ~ y ' J e ~  +  ye^ + ( F Y  + F4 l o 4 -  

(land and ice)  

A l l  quan t i t i e s  i n  (46) and (47) a re  defined i n  Appendix B. 

Let us now consider the  r a t e  of d iaba t ic  heating due t o  sensible  

' SII 
heat t r ans f e r  (Q ) both v e r t i c a l l y  and i n  the  horizontal .  Using 

pressure as  the  ve r t i c a l  coordinate we can wri te  

where h is the  ve r t i c a l  f lux  of sensible  heat and \H is  the  

coeff ic ient  of horizontal  eddy heat d i f fus ion (we assume here t ha t  

GTH = h). A t  the  top of our model atmosphere we take 

h = O  
0 

while i n  the  f r ee  atmosphere the  ve r t i c a l  sensible  heat f lvx  becomes 



Ilere t h e  v e r t i c a l  heat d i f fus ion coef f i c ien t  (AT ) is given t h e  some v 
value as the  equivalent momentum dif fus ion coef f i c ien t ,  AMV . The 

second term i n  the  brackets  of (SO) represents  a  counter-gradient f l u x  

which allows f o r  the  e f f e c t  of small s c a l e  convective heat  t r a n s f e r  
C .  

under neu t ra l  o r  s l i g h t l y  s t a b l e  conditions (see Deardorf, 1966). The 

quant i ty  rCG is given by 

where we w i l l  adopt the  experimental values f o r  t h e  countergradient 

'CG 
a s  determined by Washington and Kasahara (1970). They show t h a t  

a  value of K crn-' i n  t h e  f r e e  atmosphere y i e l d s  reasonable r e s u l t s  

while 5 x K cm-' is indicated a t  t h e  surface  (y CGS) - 
A s  we s h a l l  see  below we need evaluate (50) only a t  t h e  mid-level 

of our model atmosphere and thus ,  using f i n i t e  d i f f e r e n t i a t i o n  i n  t h e  

v e r t i c a l ,  we get 

where we assume (as we w i l l  throughout t h i s  paper) t h e  po ten t i a l  tempera- 

t u r e  a t  level  2 can be given by 

We w i l l  est imate the  sens ib le  heat  f l u x  from t h e  surface  by 

applying (50) i n  f i n i t e  d i f ference  form through t h e  750 t o  1000 mb layer  

with t h e  addi t ional  const ra in t  t h a t  t h e  750 mb po ten t i a l  temperature 

f o r  t h i s  ca lcula t ion only is t o  be reduced t o  i t s  1000 mb equivalent 

(Kasahara and Washington, 1971) using a lapse r a t e  of rCGS given by 



Replacing A, i n  (SO) with t h e  su r face  v e r t i c a l  hea t  d i f fus ion  

coe f f i c i en t  (AlyS) which w i l l  be given t h e  same value a s  AMVS we 

have a t  t h e  sur face  

F ina l ly ,  applying (48) a t  l e v e l s  1 and 3 and u t i l i z i n g  (49),  (52) 

and (551, t h e  d i a b a t i c  hea t ing  terms c k  t o  sens ib le  hea t  t r a n s f e r  

become 

where then 

For t h e  computation of su r face  temperatures over land and i c e  ( t o  

be t r e a t e d  below) we w i l l  include an es t imat ion  of t h e  hea t  f l u x  due t o  

evaporative cooling by def in ing  a Bowen r a t i o  (Br) where 



- f l u x  of sens ib le  hea t  
Br - l a t e n t  hea t  f l u x  

Since the  Bowen r a t i o  has not  been well e s t ab l i shed  on a g lobal  

s c a l e  we w i l l  adopt a  value of  1 using d a t a  presented by S e l l e r s  (1965) 

a s  a  planetary avefage f o r  land. Thus, t ak ing  f luxes  a s  p o s i t i v e  

toward t h e  sur face  we have . 

where then 

We t u r n  now t o  s p e c i f i c a t i o n  of  t h e  d i a b a t i c  hea t ing  i n  t h e  

' C atmosphere through t h e  r e l e a s e  of l a t e n t  hea t  of condensation (Q ) .  

For t h i s  purpose we w i l l  assume t h a t  over cl imate time s c a l e s  t h e  

atmosphere tends t o  preserve i ts  moisture d i s t r i b u t i o n .  Thus, using 

t h e  s p e c i f i c  humidity as  given by (40) and (41) we l e t  

where E is  an e f f i c i ency  f a c t o r  which we w i l l  de f ine  a s  t h e  r a t i o  

o f  s p e c i f i c  humidity divided by t h e  s a t u r a t i o n  value. Thus, 
I- 7 

where T = 273.16 K . The funct ion f(w) i n  (61) is  chosen so  t h a t  
0 

Qc is zero i n  areas  of s inking  motion. That i s  



Application of a/ap t o  (40) and evalua t ing  (61) a t  l e v e l s  1 and 3 gives 

where a s  an approximation we have assumed 

We can now assemble t h e  various components o f  t h e  t o t a l  d i a b a t i c  

hea t ing  of t h e  model atmosphere. Inse r t ing  (46), (56),  and (64) i n t o  

(31) a t  l e v e l s  1 and 3 y i e l d s  

where we have defined t h e  l i n e a r  opera tors  and inhomogeneous terms i n  

(66) a s  

LW SHV M4 = B1 + B1 



LW + BSHV)e - 
N ; ( B ~ ,  x2, x4) = Q: + B'I' o + (u4 4 4 

. (67 cont .) 
., 
. ? .  

3 
- 7' 'L~vq4 ! 

In de f in i t ions  (67) we have made use of mass cont inui ty  (8) wherever 

individual  pressure v e l o c i t i e s  a re  indicated.  The functional  forms 

f o r  f ( v ~ x )  a r e  contained i n  (63) . 

G .  Convective adjustment 

I t  can be shown t h a t  t h e  d i a b a t i c  heating terms a s  formulated 

above can lead t o  widespread convective i n s t a b i l i t i e s  i n  our model 

atmosphere. On t h e  time scales  of t h e  c l ima t ic  in tegra t ions  which 

we wish t o  perform such i n s t a b i l i t i e s  can indeed reach cr ippl ing 

proportions. Moreover, these  conditions a r e  not found i n  ava i l ab le  

cl imatological  da ta  and thus it becomes obvious t h a t  the  atmosphere 

makes i n t e r n a l  adjustments through smaller s c a l e  moist and dry convec- 

t i v e  processes. Unfortunately, t h e  physical mechanisms through which 

t h e  atmosphere c a r r i e s  out these adjustments (both dynamically and 

thermodynamically) a r e  not yet  c l e a r l y  understood although v e r t i c a l  

heat  and momentum t ranspor t s  i n  protected cores of large  cumulonimbi 

ce r t a in ly  play a major r o l e ,  e spec ia l ly  i n  t h e  t rop ics  (cf ,  Riehl 

and Malkus, 1958 and Gray, 1968). Therefore, we have chosen t o  use a 

simple convective adjustment of temperature t o  simulate t h e  l a rge  

sca le  cl imatological  manifestations of these atmospheric adjustments. 

Similar  convective adjustments have been described by Smagorinsky 

e t - a l .  (1965), Manabe e t . a l .  (1965), Washington and Kasahara (1970) 

and others .  



During t h e  implementation of t h e  convective adjustment process 

we w i l l  constrain t h e  system such t h a t  t h e  t o t a l  i n t e r n a l  energy i n  

a v e r t i c a l  column through t h e  atmosphere remains constant .  That i s  

Cv T dp = constant . 

Then, i f  the  t h e  temperature lapse r a t e  exceeds e i t h e r  t h e  dry o r  

moist adiabat ic  lapse r a t e s  we s e t  

- - - 0 f o r  w > 0 
ap - 

where BE is the  equivalent po ten t i a l  temperature given approximately 

This type of adjustment does not  a l t e r  the  t o t a l  d iaba t i c  heating as  

outl ined i n  the  previous sec t ion but merely serves t o  v e r t i c a l l y  r e -  

d i s t r i b u t e  the  heating where large  s c a l e  convective i n s t a b i l i t y  i s  

indicated.  

H. Surface temDeratures 

We assume t h a t  oceans exh ib i t  an i n f i n i t e  heat capacity and there-  

fore  pelagic  surface  temperatures a r e  f ixed f o r  a l l  time in tegra t ions  

t o  t h e i r  i n i t i a l  values. For land and i c e ,  however, t h e  heat  capacity 

is  assumed t o  be negligibly small allowing t h e  surface  temperature 

d i s t r i b u t i o n  t o  be determined through a heat  f l u x  balance. This can be 

given as  



where a l l  f luxes  a r e  taken a s  p o s i t i v e  when d i r e c t e d  toward t h e  

sur face  from t h e  atmosphere. Inse r t ing  r e s u l t s  from (47) and (59) 

i n t o  (71) and rearranging we get  f o r  t h e  su r face  f l u x  balance on land 

and i c e  

(land and i c e )  

and 

e4 = constant  (over oceans) 

I .  Final  form of  t h e  model equations 

In order  t o  remove t h e  c o r i o l i s  fo rce  (f) from t h e  nonl inear  

Jacobians i n  (24) we w i l l  make use of  t h e  form f = 2@1 with p being 

the  s i n e  of  l a t i t u d e  and Q t h e  e a r t h ' s  r o t a t i o n  r a t e .  Let t ing  A 

represent  longitude and a t h e  e a r t h ' s  mean rad ius  we then have, f o r  

e xamp 1 e 

which i s  seen t o  be l i n e a r  i n  . Application of  (73) t o  (24) a t  

l eve l s  1 and 3 together  with (30) and (66 )  provides us with t h e  de- 

t a i l e d  form of  our model equations.  In addi t ion ,  i f  we nondimensionalize 

a l l  q u a n t i t i e s  i n  t h e  equations ( f o r  d e t a i l s  of  t h e  nondimensionalization 

procedure see  Appendix C) we a r r i v e  a t  t h e  nondimensional p red ic t ion  

equations 



+ e2v2x2 + ASJ(i3. hs) + N4((34. X2. x41) 

in which for clarity we assume all quantities are now nondimensional. 

This applies equally to all further relationships below. In (74) we 

have defined the linear operators L1 , L2 , M1 and M2 as the non- 

dimensional forms 

All other quantities in (74) have been previously defined. Thus (74) 

along with the nondimensional forms of (17)' (20) and (72) represent 

the closed system for solution. For completeness we will reproduce 

these diagnostic relationships in nondimensional form as 



B V ' ~ ,  = - 2 1  pV($, - a,) 

v2x4 = -BSJ(q3, hs) 

- ,y - F4 LWW ) e4  = FkW - FF +  ye^ + 

(land and i c e )  

e4  = constant  (oceans) 

The nondimensional f a c t o r  Bs i s  defined i n  Appendix C .  

J. Spect ra l  form of t h e  equations 

The l i t e r a t u r e  is  now r e p l e t e  with examples of  so lu t ions  of meteoro- 

log ica l  problems i n  t h e  s p e c t r a l  domain too  numerous t o  c i t e  he re .  We 

have s e l e c t e d  t h i s  mathematical technique pr imar i ly  became of t h e  
I 

increased accuracy of so lu t ion  expected f o r  a  given number of  ho r i zon ta l  

degrees of  freedom (Orszag, 1970) and because of t h e  ease  with which 

undesirable high frequency components can be f i l t e r e d  through t runca t ion  

of the  system (Baer and Alyea, 1971). In addi t ion  t h e  s p e c t r a l  equat ions 

have been shown t o  conserve i n t e g r a l  p rope r t i e s  i n  t runcated ,  non- 

forced systems and el imate a l i a s i n g  e f f e c t s  ( f o r  examples, s ee  Baer, 

1964; Robert, 1966; o r  Merilees, 1968). 

For t h e  expansion of t h e  model equations i n  s p e c t r a l  form we w i l l  

follow t h e  development a s  discussed,  f o r  example, by Platzman (1960). 

Since it i s  not the  purpose of  t h i s  paper t o  e n t e r  i n t o  a  lengthy 

discussion on t h e  app l i ca t ion  of t h e  s p e c t r a l  technique, t h e  reader  i s  

r e f e r r e d  t o  Pl.atzmanls work f o r  d e t a i l s .  

We def ine  the  model va r i ab les  i n  terms o f  a  s e r i e s  of  sphe r i ca l  

harmonics with time dependent c o e f f i c i e n t s  a s  



where y = n + i R  represents  a wave vector  index of t h e  sphe r i ca l  r r 

harmonic 

I Y y ( b  lJ) = exp(ikyh) PY(?J) 

with P (u) being t h e  Legendre polynomial of  rank and degree given by 
Y 

Y . The orthogonal sphe r i ca l  harmonics a r e  normalized such t h a t  in t eg ra -  

t i o n  over t h e  u n i t  sphe r i ca l  sur face  (s )  y i e lds  t h e  orthogonal proper ty  

Complex conjugate values a r e  denoted by an a s t e r i s k .  Another useful  

property of t h e  s e t  of sphe r i ca l  harmonics is t h a t  they s a t i s f y  t h e  
I 

d i f f e r e n t i a l  equation 



In order  t o  reduce t h e  model equation t o  s p e c t r a l  form we i n t r o -  

duce so lu t ions  (77), mult iply each equation by a conjugate polynomial 
* 

(Yy) and i n t e g r a t e  over t h e  u n i t  sphere. This procedure, through use 

of t h e  or thogonal i ty  condit ion (78), allows us  t o  w r i t e  each term i n  

t h e  model equations i n  t h e  form of a s i n g l e  expansion c o e f f i c i e n t .  

The d e t a i l s  of t h e  s p e c t r a l  t ransformation of t h e  model equations 

a r e  contained i n  Appendix D with t h e  r e s u l t  t h a t  we can now wr i t e  t h e  

predic t ion  s e t  (74) i n  t h e  s p e c t r a l  form 

Simi lar ly ,  t h e  surface boundary r e l a t ionsh ips  i n  (76) become 
\ 

- - - Bs 
X~ 

c 
Y Y  

As 
LW " - F ~ ) T  - w(l)(e4)  = (F - ( F T ) ~  + w:~) + (F4 Y Y 0 Y 

)(81) 
+ w ( ~ )  - F ~ ~ O  ( f o r  land and ice:  

Y 3 Y 

T = constant (over oceans) 
Y 

/ 



while t h e  diagnostic  thermal wind re la t ionsh ip  reduces t o  

The spec t ra l  s e t  (80) - (82) is  complete but  we note t h a t  it does 

not  contain an e x p l i c i t  r e l a t ionsh ip  which defines t h e  s e t  {X ) as  
Y 

required by (80). Such a re la t ionsh ip  can be obtained by applying the  

subs tan t i a l  time der ivat ive  operator  t o  t h e  thermal wind (82) and 

subs t i tu t ing  from (80) t o  el iminate time dependency and a r r i v e  a t  a 

diagnostic  s e t  of spec t ra l  equations i n  {X ). For convenience we 
Y 

choose t o  defer  the  d e t a i l s  of t h i s  development t o  the  next sec t ion.  

K. Space truncation and f i n i t e  d i f ference  form of t h e  equations 

We w i l l  t runcate  the  spec t ra l  equations using t h e  rhomboidal scheme 

a s  applied by Elsaesser  (1966a). This is  accomplished through approxima- 

t i o n  of each i n f i n i t e  s e r i e s  representat ion i n  (77) t o  a f i n i t e  s e r i e s  

including ymm wave vectors y . Since y depends upon two q u a n t i t i e s  

R 
and (Y = n~ 

+ i R  ) which represent  the  planetary wave number 
Y Y Y 

(R ) and t h e  degree of the  polynomial (n ) both of which must be 
Y Y 

i n tegers ,  we see  t h a t  two separa te  t runcat ion spec i f i ca t ions  must be 

made. The conditions f o r  a rhomboidal t runcat ion require  determination 

of a maximum planetary wave number (Emax) and an in teger  (N) t o  denote 

the  maximum number of wave vectors f o r  a given R . Additional con- 
Y 

s t r a i n t s  a r e  t h a t  n > leyl and, s ince  our model w i l l  be l imi ted  t o  
Y -  

a hemispheric in tegra t ion ,  each s e r i e s  i n  (77) can be characterized 

a s  e i t h e r  an even o r  an odd expansion (with respect  t o  the  equator) .  

Consequently, every combination of n + R f o r  a given s e r i e s  must be 
Y Y  



odd f o r  stream functions ( t h i s  has t h e  e f f e c t  of forc ing  t h e  zonal wind 

f i e l d  t o  be symmetric with respect  t o  t h e  equator  while t h e  meridional 

wind f i e l d  is  antisymmetric) and even f o r  a l l  o the r  q u a n t i t i e s  i n  ( 7 7 ) .  

Thus the  rhomboidal t runca t ion  used here includes a l l  y vectors  i n  

t h e  s e t  

and 

n = / a y ]  + 2 j  - k ,  f o r  1 < j < N 
Y - - 

k = 1 f o r  odd expansions 

k = 2 f o r  even expansions 

h e r  and Alyea (1971) conducted a number of  experiments t o  i 
I 

e s t a b l i s h  t h e  dependence of t h e  so lu t ions  of general  c i r c u l a t i o n  ca lcula-  

t i o n s  on s p e c t r a l  t runcat ion  using a two-level,  quasi-geostrophic,  

f ixed  s t a b i l i t y  model with simple hea t ing  and d i f fus ion  terms. These 

experiments showed t h a t  a t  l e a s t  f o r  t h e  model under -considerat ion,  i n  

order  t o  a r r i v e  a t  a reasonable desc r ip t ion  of t h e  general c i r c u l a t i o n  

a minimum of a t  l e a s t  twelve p lanetary  waves and e i g h t  degrees of  

freedom i n  l a t i t u d e  should be included. Since the  present  model i s  

somewhat l a r g e r  i n  scope and d e t a i l  than was used i n  t h e  experiments by 

Baer and Alyea we have correspondingly chosen t o  increase  t h e  number 

of vector  components within t h e  t runcated  system t o  include a l l  p lanetary  

waves through wave number s ix t een .  Thus, i n  (83) we s e t  / gmax 1 = 16 and 

N = 8. An n-R diagram o u t l i n i n g  t h e  domain of vec tor  components in-  
I 

cluded i n  t h e  present  experiment i s  drawn a s  Fig. 3. I 
Let us now consider  t h e  numerical scheme t o  be used f o r  t h e  in t eg ra -  

t i o n  of t h e  model equations,  (80) - (82).  I t  is convenient t o  consider  



PLANETARY WAVE NUMBER ( 1 )  

FIGURE 3 .  Spec t r a l  map o u t l i n i n g  t h e  t runca t ion  l i m i t s  o f  t h e  present  
experiment. Two sample wave vec to r s  a r e  included.  



the  streamfunction and temperature f i e l d s  of (80) i n  terms of t h e i r  

mean and shear components and t o  t h i s  end we define 

We can now evaluate (80) i n  terms of de f in i t ions  (84) i n  the  form 

where we have defined 



1 (51 + A Gy (X) = -(A (6)) 
2 Y Y 

(86 cont . ) 

For the  t runcat ion of wave vectors y out l ined above we must solve the  

system of ordinary, nonlinear d i f f e r e n t i a l  equations (85) through 

use of a numerical time integrat ion procedure. Due t o  i t s  success i n  

previous experiments and ease of appl icat ion we have chosen a centered 

difference (leapfrog) scheme f o r  a l l  time extrapolations.  To prepare 

f o r  numerical in tegrat ion we first introduce an in tegra t ing  f ac to r  i n  

order t o  t r e a t  the  l i n e a r  terms exactly (Baer and Simons, 1970) and 

thus, f o r  example, we extrapolate  numerically the  f i r s t  equation of 

(85) i n  the  form 

This procedure has the  main advantage of el iminating computational 
I 

i n s t a b i l i t i e s  associated with d i f fus ive  terms i n  t he  centered di f ference 

scheme. Applying t h i s  methodology t o  (85) y ie lds  i n  centered di f ference 

form 



(",, t ~ ( ~ 1 ,  t (S) 
r ( t + * t ) = c Z P y  (t - h t ) + a f c Y  
Y Y 

(N - 
Y 

(S) 
( t  + At) = e2% A t  uy ( t  - ~ t )  + a t e  $ s ) ~  ts (s) 
Y Y 

We can now develop t h e  e x p l i c i t  d i agnos t i c  r e l a t i o n s h i p  de f in ing  

t h e  s e t  ( X  ) as discussed i n  t h e  previous sec t ion .  Application of t h e  
Y 

s u b s t a n t i a l  time de r iva t ive  opera tor  t o  (82) converts  t h e  thermal wind 

r e l a t i o n s h i p  t o  

i n  which we have made use of t h e  d e f i n i t i o n  of  t h e  shear  streamfunction 

i n  (84).  Replacing t h e  time de r iva t ives  i n  (89) with t h e i r  centered 

d i f f e rence  analogs and s u b s t i t u t i n g  from (88) y ie lds  a  d i agnos t i c  r e l a -  

t i onsh ip  f o r  (X ) i n  t h e  t r id i agona l  form a t  time t 
Y 

For d e t a i l s  of t h i s  development along with d e f i n i t i o n s  of  a l l  q u a n t i t i e s  

i n  (90) and an o u t l i n e  of  t h e  method o f  so lu t ion  t h e  reader  is re fe r red  

t o  Appendix E. I t  can be shown t h a t  (90) is  merely a  spec ia l  representa-  

t i o n  i n  the  s p e c t r a l  domain of t h e  general three-dimensional w equation 

and as such provides an important physical  l i n k  between t h e  dynamic and 

thermodynamic p roper t i e s  of t h e  model atmosphere. This i s  accomplished 



because (90) guarantees t h a t  t h e  balancing thermal wind r e l a t i o n s h i p  

(82) i s  maintained throughout t h e  e n t i r e  time in teg ra t ion  per iod .  

There remains only t h e  t a sk  of  o u t l i n i n g  t h e  so lu t ions  t o  t h e  

d iagnos t ic  su r face  boundary r e l a t ionsh ips  (81).  The so lu t ions  f o r  

and T (oceans) a r e  obvious and requ i re  no f u r t h e r  d'evelop- 
Y 

ment here.  However, i n  order  t o  i n v e r t  t h e  su r face  temperature equation 

t o  obtain T (land and i c e )  we w i l l  wr i t e  t h i s  equation i n  t h e  form 
Y 

SH LWC 
(F4 - F4 ITy = wY (land and i c e )  

where we have defined 

A l l  terms on the  r i g h t  s i d e  of (92) have been defined i n  Appendix B 

and Chapter 11, sec t ion  F. Their  s p e c t r a l  forms a r e  shown i n  Appendix 

D (Table D3). As can be seen i n  (B-14) and (B-19) t h e  LW f l u x  terms 

on t h e  r i g h t  s i d e  of (92) a r e  funct ions  of t h e  1000 mb water vapor 

absorpt ion path length ~ ~ ( 1 0 0 0 )  which from (41) and (44), can be seen 

t o  be dependent upon t h e  zonal 1000 mb (surface)  temperature, T4Z . 
Expanding t h i s  quan t i ty  e x p l i c i t l y  i n  time we can wr i t e  

aT4z 
T4Z(t)  = T4Z(t  - ~ t )  + - a t  bt  

and, a s  a f i r s t  approximation, 



This same assumption is applied t o  t h e  t o t a l  sur face  temperature quan t i ty  

0 i n  ~ ( l )  . These approximations can be used because t h e  su r face  4 Y 

temperature va r i e s  slowly i n  time (diurnal  v a r i a t i o n s  a r e  ignored through- 

out our model) and thus  t h e  higher  order  term of  such an e x p l i c i t  

1 
expansion a r e  small (At of - hour a r e  used).  Application o f  t h i s  pro- 2 

cedure t o  t h e  LW f l u x  terms i n  (92) f o r  evaluat ion of W has t h e  
Y 

e f f e c t  of  uncoupling the  vec tor  equation s e t  represented by (91) and 

thus t h e  su r face  boundary r e l a t ionsh ips  (81) reduce t o  t h e  s e t  o f  un- 

coupled equations 

W 
Y 

SH LWC (land and i c e )  
(F4 - F4 1 I T =  

T = T ( t  = 0) (oceans) l y  
where a l l  time dependent q u a n t i t i e s ,  except a s  noted,  apply a t  time t 

and a l l  indices  a r e  t runcated  according t o  (83) f o r  I R  1 = 16 and 
max 

N = 8. We see  t h a t  (88),  (go),  and (94) form a complete s e t  prepared 

f o r  numerical in t eg ra t ion .  

L. The numerical ~ r o c e d u r e  

The time i t e r a t i o n s  a r e  i n i t i a t e d  using t h e  Euler forward scheme 

f o r  t h e  f i r s t  t ime s t ep .  Subsequent time s t e p s  a r e  performed with 

the  centered d i f ference  scheme except t h a t  t h e  p a r a s i t i c  2At modes 

associa ted  with t h i s  scheme a r e  inh ib i t ed  through use of a f e s t a r t  tech-  

nique (Kikuchi, 1969) i n  which t h e  Euler forward scheme i s  p e r i o d i c a l l y  

inse r t ed  (every 48 time s t eps )  f o r  one i t e r a t i o n .  Following t h i s  



procedure a time increment of A t  = 1/2 hour was used and found t o  

h e  computational l y  s t a h l c .  

A t  a given time t we begin t h e  numerical c a l c u l a t i o n  by 

eva lua t ing  t h e  nonl inear  terms ~ ( l )  - A , A ( ~ )  along with a l l  l i n e a r  
Y Y Y 

and inhomogeneous time dependent q u a n t i t i e s  o f  (88) n o t  involving t h e  

in t eg ra t ed  v e l o c i t y  p o t e n t i a l s  X and x and t h e  su r f ace  temperatures  
Y Y 

r . We next  eva lua te  t h e  d i agnos t i c  s u r f a c e  condi t ions  (94) t o  ob- 
Y 

t a i n  x and T . The sur face  temperature c o e f f i c i e n t s  (T ) a r e  ca lcu-  
- Y 
I 

Y Y 
l a t e d  by applying t h e  equat ion f o r  land  and i c e  over t h e  e n t i r e  nor thern  

hemisphere (using an albedo of  .07 f o r  oceans) and then f i l t e r i n g  t h e  

r e s u l t a n t  f i e l d  with the  s p e c t r a l  r ep re sen ta t ion  of  3 l and  and i c e  (1) 

versus oceans (0) s t e p  runc t ion .  An a n a l y s i s  o f  t h e  s p e c t r a l  r ep re sen ta -  

t i o n  f o r  t h i s  s t e p  func t ion  under cu r r en t  summer condi t ions  is  shgwn lg,,, 
t 

Fig.  4 .  The r e s u l t i n g  land and i c e  su r f ace  temperature c o e f f i c i e n t  

f i e l d  i s  then added t o  t h e  cons tan t  pelagic  f i e l d  t o  completely 

spec i fy  t h e  nor thern  hemisphere su r f ace  temperatures .  

We can now c a l c u l a t e  a l l  t h e  terms of (88) involving x and 
Y 

'r inc luding  t h e  d i a b a t i c  hea t ing  func t ions  provided t h a t  we eva lua t e  
Y 

f ( w 2 )  [ see  Eqs. ( 6 3 )  and (64)]  a t  t ime t - ~ t .  I t  should be noted 

he re  t h a t  i n  o rde r  t o  e l imina te  computational i n s t a b i l i t i e s  a s soc i a t ed  

with l a r g e  high frequency components of  t h e  upward d i r e c t e d  v e r t i c a l  

motion f i e l d s  [f(w ) and f(w4)] i n  t h e  condensation hea t ing  computations 
2 

we f i l t e r  f (U ) and f (w ) i n  s p e c t r a l  terms such t h a t  n < 10 and 
2 4  Y -  

R < 10 (y = n + i R ,  ) .  Thus, t h e  high frequency components o f  t h e  
Y -  Y Y 

condensation hea t ing  a r e  e l imina ted  and t h e  t o t a l  d i a b a t i c  hea t ing  

q u a n t i t i e s  can be eva lua ted .  With t h i s ,  a l l  terms on t h e  r i g h t  s i d e s  

of (88) a r e  known with t h e  except ion of  t hose  involv ing  X . 
Y 



I 

However, inversion of (90) as outlined in Appendix E provides the 

set ( X  1 required for the remaining terms and the extrapolation to time 
Y 

t + At proceeds as outlined above. 



111. THE CLIMATOLOGICAL EXPERIMENTS 

A. Experimental approach 

S t a r t i n g  with an i n i t i a l  atmospheric s t a t e  corresponding t o  mean 

summer (July)  condit ions f o r  t h e  northern hemisphere taken from current  

d a t a ,  two sepa ra te  vers ions  of  t h e  model have been in t eg ra ted  forward 

i n  time f o r  s i x t y  days each. We w i l l  r e f e r  t o  these  two ca lcu la t ions  

a s  Model P ,  designat ing t h e  s imulat ion experiment f o r  t h e  present  

summer cl imate,  and Model Q, r e f e r r i n g  t o  t h e  corresponding simulat ion 

experiment designed t o  represent  t h e  climatology during t h e  l a s t  grea t  

i c e  age maximum of  the Quaternary period ( ~ i s c o n s i n / ~ i r m ) ,  about 18,000 

years  ago. The p r i n c i p l e  d i f f e rence  between t h e  models l i e s  i n  t h e  

s p e c i f i c a t i o n  of  t h e  sur face  boundary condi t ions ,  e spec ia l ly  concerning 

t h e  loca t ion  and topography of cont inenta l  g l a c i e r s ,  t h e  d i s t r i b u t i o n  

of pack i ce ,  and oceanic sur face  temperatures. Model P boundary values 

were obtained from conventional d a t a  sources.  However, f o r  t h e  i c e  

age simulat ion (Model Q ) ,  t hese  d a t a  had t o  be constructed i n  approximate 

fashion from a v a r i e t y  of  paleogeologic sources.  De ta i l s  concerning 

s p e c i f i c a t i o n  of t h e  i n i t i a l  and su r face  boundary condit ions a r e  con- 

t a ined  i n  t h e  next sec t ion .  

Analysis of t h e  experimental r e s u l t s  is  t o  be approached from two 

d i rec t ions .  Since we in tend t o  s t r e s s  d i f f e rences  between t h e  t w  7 
model ca lcu la t ions  r a t h e r  than t h e  absolu te  values obtained,  we w i l l  

f i rs t  compare c e r t a i n  time dependent p roper t i e s  of  t h e  so lu t ions  a s  they 

develop such a s  t h e  t o t a l  k i n e t i c  energy and mean momentum. Such a 

comparison w i l l  give us a  general  p i c t u r e  of  t h e  na tu re  of t h e  in t eg ra ted  

so lu t ions  a s  well a s  an ind ica t ion  of t h e  r e l a t i v e  a c t i v i t y  of  t h e  



f i e l d s  must be reduced t o  spec t ra l  form. To t h i s  end we have u t i l i z ed  

the  expansion technique of El lsaesser  (1966b) t o  obtain spectra l  

coeff ic ients .  Thus, the  po ten t ia l  temperature f i e l d s  a t  the  two leve l s  

can be transformed d i r ec t l y  t o  spec t ra l  form. An analysis  of these 

f i e l d s  ( in  terms of temperature r a the r  than potent ia l  temperatk~;: 

derived from the  spec t ra l  coef f ic ien t s  i s  shown in  Fig. 5 .  I t  should 

be noted here t h a t  these values have been s l i g h t l y  adjusted so t ha t  

the thermal wind re la t ionship  (82) is s a t i s f i ed .  This i s  necessary 

i n  order t o  preserve the  energy constra ints  of the  unforced equations 

(Lorenz, 1960) and eliminate spurious solutions which might a r i s e  due 

t o  an i n i t i a l  thermal imbalance. I I 
Specification of the  required i n i t i a l  streamfunction coef f ic ien t s ,  

however, i s  not qu i t e  so  straight  forward. These a re  t o  be obtained 

from the  geostrophic wind f i e l d  but i n  order t o  simplify the  computa- 

t i ona l  problem we w i l l  introduce a change of var iable  following the  
I 

example of Roberts (1966). Thus, we define i n  nondimensional form 

(see Appendix C) with k e i t he r  1 o r  -1 

1 

where u and v a re  respectively the  zonal and meridional components 
g g 

of the  geostrophic wind and is  the  s ine  of l a t i tude .  We then 

expand U and V i n  spec t ra l  form using the  def in i t ions  
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F I G U R E  5 .  I n i t i a l  250 mb (above) and 750 mb (below) temperature f i e l d s .  
Data r ep resen t s  o observed mean July condi t ions .  Contour 
i n t e r v a l s  a r e  2 C .  



a s  was done f o r  t h e  model va r iab les  i n  (77). Using t h e  d e f i n i t i o n  f o r  

t h e  v e r t i c a l  component o f  v o r t i c i t y  (v2$ = k V xV) and applying 

(95) with k s e t  here  t o  -1 we can wr i t e  i n  nondimensional form 

Inse r t ing  solut ions  from (77) and (96) i n t o  (97), applying (79), and 

performing t h e  indicated de r iva t ives  y i e l d s  

* 
I f  we now mult iply (98) through with an orthogonal function (say Y ) 

Y 

and in tegra te  over t h e  u n i t  sphere we can show t h a t  ( f o r  d e t a i l s  of 

t h i s  procedure, see  Appendix D) 
1 .  

Thus, we see  t h a t  t h e  i n i t i a l  streamfunction coef f i c ien t s  f o r  each of 

the  two required l eve l s  can be d i r e c t l y  generated from t h e  corresponding 

expansion coef f i c ien t s  of U and V. 

In summary, t h e  computational procedure is  a s  follows: g r i d  

point  values of U and V a t  each l eve l  a r e  obtained from t h e  geo- 

s t roph ic  wind components using (95) and t h e  expansion technique of 

El lsaesser ,  c i t e d  above, is  then applied t o  obtain the  coef f i c ien t  

s e t s  {Uy } and I V 1 i n  (96). I t  should be mentioned t h a t  t h e  s ingular  
Y 

polar  ( u =  1)  values generated by (95) do not  destroy t h e  convergence 

of t h e  s e r i e s  i n  (96) s ince  t h e  expansion procedure does not  u t i l i z e  



polar data. Finally,  (99) y ie lds  the  desired i n i t i a l  streamfunction 

coeff ic ient  s e t .  

This procedure can be reversed t o  reconstruct  the  geostrophic 

wind components from the  spec t ra l  streamfunction representation.  Thus, 

it can be shown i f  we now use (95) with k = 1 

where then gr id  point  values f o r  U and V a re  determined from (96) 

and the  corresponding u and v f i e l d s  a re  constructed by inver t ing 
g g 

(95). 

In order t o  demonstrate the  va l i d i t y  of these  spectra l  data  re-  

duction techniques and t o  prove the  correctness of the  i n i t i a l  stream- 

function coeff ic ients ,  we have reconstructed the  geostrophic wind 

f i e l d s  using the  derived streamfunction coeff ic ients  as outl ined above 

and have compared them with the  o r ig ina l  gr id  point geostrophic wind 

data.  Computed analyses of these f i e l d s  a t  the  250 mb and 750 mb leve l s  

using 5 degree grid in te rva l s  are  shown i n  Fig. 6 through Fig. 9 where 

i n  each case the upper analysis  was obtained from the  o r ig ina l  mean 

July  data  values and the  lower analysis  from the  derived streamfunction 

coeff ic ients  and application of (1001, (96) and (95). Inspection of 

these f igures shows good corre la t ion between the  o r ig ina l  data  and the  

spec t ra l ly  derived f i e ld s .  Thus, we can assume t h a t  the  streamfunction 

coefficients obtained from (99) adequately represent the  desired i n i t i a l  

s t a t e  of the  geostrophic flow f i e l d .  Rather than display the  i n i t i a l  
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FIGURE 6 .  Initial 250 mb zonal geostrophic wind fields drawn directly 
from the initial data (above) and from the spectral representa 
tion (below). Contour intervals are 5 m/s. 
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1 : l G U R t  7 .  I n i t i a l  750 mh zonal geos t rophic  wind f i e l d s  drawn d i r e c t l y  
from t h c  i n i t i a l  d a t a  (above) and from t h e  s p e c t r a l  representa-  
t i o n  (below). Contour i n t e r v a l s  a r e  5 m/s. 
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I 
F:ICURI: 8. I n i t i a l  250 mb meridional geostrophic wind f i e l d s  drawn 

d i r e c t l y  from t h e  i n i t i a l  d a t a  (above) and from t h e  s p e c t r a l  
r ep re sen ta t ion  (be low) .  Contour i n t e r v a l s  a r e  2 m/s. 
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FIGURE 9 .  I n i t i a l  750 mb meridional geos t rophic  wind f i e l d s  drawn 
d i r e c t l y  from t h e  i n i t i a l  d a t a  (above) and from t h e  spec t r a l  
r ep re sen ta t ion  (below).  Contour i n t e r v a l s  a r e  2 m/s. 



st.rcamf~inct ion f i c l  J s  d i r e c t l y  , we have chosen t o  represent  them in 
I 

terms of t h e  meteorologically more common height  devia t ions  of t h e  two 

constant pressure  surfaces (250 mb and 750 mb). ~ h e s e v a l u e s  a r e  obtained 

from t h e  s p e c t r a l  form of t h e  l i n e a r  geostrophic balance condit ion (3)  

and have been analysed i n  Fig. 10. 

To complete our ana lys i s  of i n i t i a l  values i n  t h e  f r e e  atmosphere a  

f i n a l  comment should be made concerning t h e  i n i t i a l  500 mb v e r t i c a l  pres-  

su re  ve loc i ty  w (or  a l t e r n a t i v e l y ,  X2). Because t h e  i n i t i a l  c l imate d a t a  
2 

is  geostrophic,  information r e l a t i n g  t o  the  i r r o t a t i o n a l  p a r t  of the  

ac tua l  wind f i e l d  (represented by t h e  ve loc i ty  y o t e n t i a l ,  X) i s  not  com- 

p l e t e  s ince  only geostrophic divergence i s  ava i l ab lv .  Hence we a r e  unable 

through (6) t o  determine an i n i t i a l  representa t ion  f o r  X2 and s ince  t h e  

small geostrophic divergence i s  n e g l i g i b l e ,  we assume t h a t  it is zero 

everywhere. This is  accomplished s p e c t r a l l y  by s e t t i n g  a l l  of  t h e  c o e f f i -  

c i e n t s  of t h e  s e t  { X  3 t o  zero a t  t h e  beginning of  t h e  time in teg ra t ion .  
Y 

We t u r n  now t o  s p e c i f i c a t i o n  of  t h e  su r face  boundary condit ions 

f o r  t h e  two models, Model P and Model Q. The requirements a r e  t h a t  

we must e s t a b l i s h  geographical l i m i t s  f o r  t h e  d i s t r i b u t i o n  of continen- 

t a l  g l a c i a t i o n  and oceanic pack i c e  along with a  reasonable es t imate  

of t h e  e a r t h ' s  sur face  topography ( including t h e  cont r ibut ion  from 

g l a c i e r s ) .  In add i t ion ,  pe lag ic  su r face  temperatures and an i n i t i a l  

1000 mb temperature f i e l d  f o r  land and i c e  areas  need t o  be determined. 

We w i l l  f i r s t  a t t ack  t h e  problem of t h e  d i s t r i b u t i o n  o f  i c e .  

Under present  J u l y  condit ions (Model P) cont inenta l  g l ac ia t ion  i n  

t h e  nor thern  hemisphere i s  l imi t ed  t o  Greenland while oceanic pack 

i c e  is e s s e n t i a l l y  confined t o  t h e  A r t i c  Ocean bas in  (Lamb, 1961). 

However, f o r  Model Q, represent ing  Quaternary g l a c i a t i o n ,  both g l a c i e r s  



FIGURE 10. I n i t i a l  he ight  contours  r ep re sen t ing  observed mean Ju ly  
condi t ions .  250 mb a n a l y s i s  (above) uses  6 dkm contour 
i n t e r v a l s  while t h e  750 mb a n a l y s i s  (below) i s  drawn with 
3 dkm contour i n t e r v a l s .  Values have been obtained from 
t h e  s p e c t r a l  r ep re sen ta t ion .  



t h i s  problem and a  c e r t a i n  amount of  imagination has been appl ied  t o  

ob ta in  reasonable g l a c i e r  he ight  d i s t r i b u t i o n s .  However, measurements 

of  p o s t g l a c i a l  u p l i f t  o f  t h e  e a r t h ' s  c r u s t  i n d i c a t e  t h a t  Quaternary 

g l a c i a l  th ickness  maximums of  about 2.5 lun e x i s t e d  i n  t h e  southern 

Hudson Bay region of  North America and i n  t h e  nor thern  B a l t i c  between 

Sweden and Finland i n  Europe (Gutenberg, 1954 and F l i n t ,  1957). From 

these  c e n t r a l  p o i n t s  t e n t a t i v e  he ight  va lues  were computed a t  o t h e r  

po in t s  i n  t h e  i c e  shee t s  us ing  a  simple t h e o r e t i c a l  formula f o r  s t eady  

s t a t e  g l a c i e r s  (Paterson,  1969). That i s ,  l e t t i n g  H represent  t h e  

maximum height  of t h e  g l a c i e r  a t  po in t  x we ob ta in  t h e  he igh t  h  
0 

a t  d i s t a n c e  x from x by applying t h e  r e l a t i o n s h i p  
0 

where L i s  t h e  t o t a l  d i s t a n c e  from x t o  t h e  edge of  t h e  i c e  s h e e t  
0 

on a l i n e  drawn through poin t  x . These fen t*a t ive  resul ts  were then  

inspec ted  a s  a  group and a  subject . ive smoothing was appl ied  i n  o r d e r  t o  
I 

maintain a  reasonable ho r i zon ta l  topographic c o n t i n u i t y .  

Data f o r  t h e  e a r t h ' s  topography a s  it p r e s e n t l y  e x i s t s  was 

obtained from t h e  Geophysical F lu id  Dynamics Laboratory (GFDL), Pr ince ton ,  

New Je r sey .  This  d a t a  i n  s p e c t r a l  expansion form provides t h e  su r f ace  

topography r equ i r ed  f o r  Model P .  In add i t i on ,  because t h e  Quaternary 

i c e  age maximum occurred only  18,000 years  ago and is thus  a  r e l a t i v e l y  

r ecen t  geologic  event ,  we can assume t h e  e a r t h ' s  orography o u t s i d e  of 

t h e  g l a c i a t e d  a r e a s  has remained e s s e n t i a l l y  unchanged. This  means 

t h a t  we can superimpose t h e  g l a c i e r  h e i g h t s  obtained a s  descr ibed  

above with t h e  cu r r en t  d a t a  t o  y i e l d  a  reasonable su r f ace  topography 

f o r  Model Q. The r e s u l t i n g  boundary h e i g h t s  f o r  both Model P and Model 



Q as analysed from t h e i r  s p e c t r a l  r ep re sen ta t ions  a r e  shown i n  Fig. 11. 

Also included i n  t h i s  f i g u r e  a r e  t h e  assumed i c e  limits denoted by 

t h e  heavy s o l i d  l i n e  marked with X ' s .  

The f i n a l  boundary values t o  be t r e a t e d  involve t h e  genera t ion  

of  1000 mb temperature d i s t r i b u t i o n s .  The va lues  t hus  obtained i n  

oceanic  a r e a s  a r e  t o  be used throughout t h e  i n t e g r a t i o n s  but  f o r  land 

and i c e  they  w i l l  s e rve  only a s  an i n i t i a l  f i e l d  and subsequent 

values a r e  t o  be determined through use of a su r f ace  energy f l u x  balance 

(Chapter 11, s e c t i o n  H ) .  For both  models su r f ace  g r i d  po in t  ( r a t h e r  

than 1000 mb) land and i c e  i n i t i a l  temperatures  a r e  devised and then  

reduced according t o  t h e  orographic he ight  a t  each g r i d  poin t  t o  

1000 mb equiva len t  values.  For t h i s  purpose a temperature lapse  r a t e  

given by yCGS = 5 C/km is used s o  t h a t  t h e  reduct ion  procedure 

does not  induce any v e r t i c a l  t r a n s p o r t  o f  s e n s i b l e  hea t  no t  a l ready  

contained i n  t h e  d a t a  ( see  Chapter 11 ,  s e c t i o n  F ) .  Surface temperature 

d a t a  f o r  Model P over  t h e  e n t i r e  nor thern  hemisphere was obtained 

d i r e c t l y  from t h e  NCAR mean J u l y  c l ima to log ica l  numerical va lues  

prev ious ly  c i t e d .  However, determinat ion o f  su r f ace  temperature d a t a  

t o  be used i n  Model Q p re sen t s  a somewhat more d i f f i c u l t  problem. 

F i r s t  we want t o  make t h e  observa t ion  t h a t  an exact  i n i t i a l  s p e c i f i c a -  

t i o n  of  land and ice  su r f ace  temperatures  i s  not  requi red  by t h e  model 

s i n c e  t h i s  q u a n t i t y  i s  used only a s  an i n i t i a l  f i r s t  guess f i e l d  and 

a r e c a l c u l a t i o n  of  t h e  1000 mb temperature d i s t r i b u t i o n  i s  immediately 

performed from a su r f ace  energy f l u x  balance (71) i n  t h e  s p e c t r a l  

form (94) .  Because t h i s  f l u x  balance depends l a r g e l y  upon t h e  s t a t e  

o f  t h e  f r e e  atmosphere a s  wel l  a s  assumed s o l a r  fo rc ing  and s u r f a c e  

albedoes,  t h e  i n i t i a l  1000 mb temperature f i e l d  i s  a l t e r e d  according t o  



longitude between meridians) northward t o  t h e  i c e  edges where a temp- 

e r a t u r e  of 4 C  is  assumed. Thus, along each required longi tudinal  l i n e  

t h e  depression funct ion is determined from t h e  assumed temperature de- 

press ion  a t  30 degrees nor th  l a t i t u d e  ( e i t h e r  3C o r  5C a s  noted above) 

and the  depression observed from present  day d a t a  versus 4 C  assumed 

along the  i c e  margins. Where land masses i n t e r f e r e  with t h i s  procedure 

we have taken the  l i b e r t y  of assuming depression values from surrounding 

da ta .  Addition of t h e  depression temperature values thus  obtained t o  

current. ocean surface  temperatue da ta  y ie lds  t h e  pe lagic  temperatures 

required f o r  Model Q.  Figure 1 2  contains a complete analys is  

of  t h e  1000 mb i n i t i a l  temperature f i e l d s  f o r  Models P and Q drawn 

from t h e i r  s p e c t r a l  representa t ions  using t h e  d a t a  derived as  ou t l ined  

above. A s  can be seen from t h i s  f igu re ,  north-south temperature 

gradients  a re  somewhat s i m i l a r  over t h e  oceans although absolu te  values 

a r e  displaced s l i g h t l y  northward i n  Model Q. However, t h e  major f e a t u r e  

t o  be noted i s  t h e  s t rong land-ice temperature gradients  i n  Model Q 

along t h e  southern edges of t h e  cont inenta l  g l a c i e r s  i n  t h e  mid l a t i t u d e s .  

Such f e a t u r e s  a r e  not observed i n  t h e  temperature f i e l d  of Model P .  
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FIGURE 1 2 .  I n i t i a l  1000 mb temperature f i e l d s  f o r  Model (above) 
and Model Q (below). Contour i n t e r v a l s  a r e  5 C .  



I V .  RESULTS OF THE EXPERIMENTS 

A. Comparison of  t he  r e s u l t i n g  s o l u t i o n s  

Each of  t h e  two s imula t ion  models has  been i n t e g r a t e d  forward i n  

t ime f o r  s i x t y  days us ing  mean J u l y  i n i t i a l  s t a t e s  and boundary condi t ions  

a s  ou t l i ned  i n  t h e  previous chapter .  One technique which can be used 

t o  compare t h e  time dependent c h a r a c t e r i s t i c s  of t h e  two models i s  t o  

examine t h e  k i n e t i c  energy responses of  t h e  s o l u t i o n s .  Since we have 

c a s t  our model i n  t h e  s p e c t r a l  domain t h e  vec to r  components of  t h i s  

q u a n t i t y  may be cons t ruc ted  immediately by t h e  d e f i n i t i o n  

where K r ep re sen t s  t h e  v e r t i c a l  mean k i n e t i c  energy i n  t h e y  = 3 + icy 
Y 

component. Fur ther ,  t h e  k i n e t i c  energy contained i n  each p lane tary  

wave R without re ference  t o  i t s  l a t i t u d i n a l  dependence can be ob- 
Y 

t a i n e d  through 

Ka = T K Y ( R l  
n  
Y 

An a l t e r n a t e  but  meaningful way of  r ep re sen t ing  t h e  t o t a l  k i n e t i c  energy 

o f  t h e  atmosphere is  t o  s epa ra t e  it i n t o  i t s  zonal (K ) and eddy (KE) z 
p a r t s .  These q u a n t i t i e s  a r e  def ined  by 

where then t h e  t o t a l  k i n e t i c  energy K is  simply 



A second quan t i t y  which may be use fu l  i n  comparing t h e  model 

s o l u t i o n s  i s  t h e  mean r e l a t i v e  zonal momentum, MZ . By i n t e g r a t i n g  

t h e  zonal wind f i e i d  over  t h e  globe we can show i n  terms of  t h e  stream- 

func t ions  of t h e  two model l aye r s  t h a t  

where we have def ined  

Evaluat ion of  Dn can e i t h e r  be obtained numerical ly  o r ,  a s  was done 

he re ,  through an i n t e g r a t i o n  by p a r t s  u t i l i z i n g  t h e  f i n i t e  s e r i e s  

expansion f o r  t h e  Legendre polynomial, P ( see ,  f o r  example, Jahnke n  

and Emde, 1945) . 

With these  t o o l s  i n  hand we can now begin t o  analyse t h e  r e s u l t s  

of  t h e  model c a l c u l a t i o n s .  Fig.  13  conta ins  curves dep ic t ing  t h e  t o t a l  

k i n e t i c  energy (K)  computed a t  each t ime s t e p  from (104) along wi th  i t s  

zonal ( K Z )  and eddy ( K E )  component p a r t s  (103). A s  can be  seen from 

t h e  t o t a l  k i n e t i c  energy va lues  (upper f i g u r e )  t h e  l e v e l s  o f  dynamic 

a c t i v i t y  of t h e  two systems increase  r a p i d l y  f o r  t h e  f i r s t  t e n  days 

o r  so  from t h e i r  r e l a t i v e l y  smooth i n i t i a l  mean J u l y  c l imate  s t a t e s .  

By t h e  end o f  t h i s  per iod  t h e  eddy waves (lower f i g u r e )  have become 

s u b s t a n t i a l l y  more a c t i v e  and evidence of a r e l a t i v e  balance between 

t h e  d i s s i p a t i v e  and k i n e t i c  energy gene ra t ive  terms i n  t h e  dynamic so lu -  

t i o n s  i s  beginning t o  appear.  I t  would seem t h a t  by day f i f t e e n  
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PIGUM: 13. Kine t ic  energy q u a n t i t i e s  (pe r  u n i t  mass) a s  func t ions  
of t ime f o r  Model P ( s o l i d  l i n e s )  and Model Q (dashed l i n e s ) .  
Upper figure dep ic t s  t o t a l  k i n e t i c  energy ( K ) .  The lower 
fimre conta ins  p l o t s  f o r  both zonal k i n e t i c  energy (KZ) and " 
eddy k i n c t  i c energy (KE) . 



each model can be considered t o  have reached a s t a t e  of quasi-equilibrium. 

A s  was expected, bfodel Q, represent ing  Quaternary i c e  age condit ions,  

reaches a s u b s t a n t i a l l y  higher  k i n e t i c  energy l e v e l  over t h a t  of Model 

P.  T h i s ,  of course, can be a t t r i b u t e d  t o  t h e  s t ronger  north-south 

temperature gradients  generated along t h e  southern edges of t h e  l a rge  

cont inenta l  g l a c i e r s  and pack i c e  during t h e  i c e  age. I t  must be noted 

t h a t  a t  day 48 t h e  energy l eve l  of Model Q begins t o  drop rap id ly  

and we have t o  admit t h e  p o s s i b i l i t y  of t h e  occurrence of degenerate 

so lu t ions  a s  discussed i n  Chapter I .  Model P does not  show such a 

sharp decrease,  although t h e  k i n e t i c  energy does ad jus t  somewhat 

downward between days 38 and 48, and we the re fo re  have chosen t h e  30 

day period between days 15 and 45 a s  t h e  b a s i s  f o r  t h e  c l imates  t o  be 

discussed l a t e r .  

Turning now t o  considerat ion of t h e  zonal (KZ) and eddy (KE) 

components of  t h e  t o t a l  k i n e t i c  energy as  shown i n  t h e  lower p a r t  of 

Fig. 13, we see  t h a t  nea r ly  a l l  of  t h e  d i f f e rence  between t h e  k i n e t i c  

energy l e v e l s  of  t h e  two models can be a t t r i b u t e d  t o  ac t ion  i n  t h e  

eddies.  The zonal energy l e v e l s  remain r e l a t i v e l y  constant throughout 

t h e  ca lcu la t ions  with l i t t l e ,  i f  any, s i g n i f i c a n t  d i f f e rences  between 

Model P and Model Q. This f e a t u r e  was a l s o  noted i n  t h e  computation 

of the  mean r e l a t i v e  zonal momentum (not shown) from (105). 

I n  order  t o  a s c e r t a i n  t h e  r e l a t i v e  d i s t r i b u t i o n  of eddy k i n e t i c  

energy among t h e  p lanetary  waves (2) contained wi th in  t h e  limits of 

our model t runcat ion  (1 - < R - < 16),  we have constructed a histogram f o r  

each model using (102). We descr ibe  t h e  k i n e t i c  energy i n  t h e s e  components 

as averages f o r  t h e  b a s i c  c l imate  30 day per iod  (days 15-45) i n  Fig. 14. 

I t  i s  apparent t h a t  t h e  k i n e t i c  energy l e v e l s  i n  a l l  of t h e  eddy waves 



FIGURE 14. T h i r t y  day mean (days 15 - 45) eddy k i n e t i c  energy d i s t r i b u -  
t i o n s  i n  p lane tary  waves (9,) 1 - 16. So l id  b a r s  represent  
cncrgy q u a n t i t i e s  f o r  Model P. Dashed b a r s  f o r  Model Q .  



of  Model Q exceed those  of  Model P .  However, t h e  g rea te s t  d i f f e rences  

appear i n  t h e  very long planetary s c a l e  waves (1-5) and i n  t h e  l a r g e r  

cyclone wave numbers 7 and 8. Because of t h e  increase  i n  orographic 

e f f e c t s  (Fig. 11) and t h e  s t rong surface  temperature gradients  

generated by t h e  g l a c i e r s  during t h e  i c e  age of Model Q, a c e r t a i n  

enhancement of t h e  wave k i n e t i c  energy l e v e l s  i n  t h e  f r e e  atmosphere 

can be expected i n  order  f o r  t h e  system t o  maintain its requirements 

f o r  eddy t r anspor t s  of such q u a n t i t i e s  a s  momentwn and hea t .  An 

explanat ion f o r  t h e  r e l a t i v e  s i m i l a r i t y  observed i n  t h e  k i n e t i c  energy 

l e v e l s  of wave 6 i s  not  r e a d i l y  apparent.  

A s  mentioned above, t h e  hemispheric average p roper t i e s  of t h e  zonal 

flow f i e l d  f o r  each model remained q u i t e  s t a b l e  throughout t h e  time 

in teg ra t ions .  Furthermore, no s u b s t a n t i a l  d i f f e rences  between t h e  

two models were noted. This does not  imply, however, t h a t  t h e  l a t i t u d i n a l  

d i s t r i b u t i o n s  a r e  necessa r i ly  s imi la r .  In order  t o  compare these  d i s t r i b u -  

t i o n s  we have drawn 500 mb ( v e r t i c a l  mean) zonal wind p r o f i l e s  on Fig. 

15 represent ing  average values f o r  t h e  30 day b a s i c  cl imate period 

(days 15-45) discussed above. The p r o f i l e  f o r  Model P compares favorably 

with summer values a t  t h e  500 mb level  presented by Lorenz (1967, Figs.  

2, 4 ,  6, and 8) with e a s t e r l i e s  i n  t h e  p o l a r  and subt ropica l  l a t i t u d e s  

and wes te r l i e s  elsewhere. However, t h e  Model Q p r o f i l e  shows a marked 

departure from t h a t  of Model P over t h e  b e l t  from 40 t o  70 degrees 

nor th  l a t i t u d e  which, not  co inc ident ly ,  descr ibes  t h e  maximum l a t i t u d i n a l  

ex tent  of t h e  l a rge  cont inenta l  g l a c i e r s  centered over Hudson Bay i n  

North America and t h e  nor thern  B a l t i c  i n  Europe (see  Fig .  11) .  Thus, 

t h e  presence of  these  g l a c i e r s  a c t s  t o  d i v e r t  zonal momentum southward, 

converging near  40 degrees nor th  l a t i t u d e  approximately along t h e i r  

southern boundaries. 



DEGREES NORTH LATITUDE 

FIGURE 15. La t i t ud ina l  d i s t r i b u t i o n  o f  t h e  v e r t i c a l  mean (500 mb) 
zonal wind f o r  Model P ( s o l i d  l i n e )  and Model Q (dashed 
l i n e ) .  Values represent  average q u a n t i t i e s  f o r  t h e  30 
day bas ic  climate per iod  (days 15 - 4 5 ) .  



Anoti)c.r I rnl~or-t a n t  f e a t u r e  of t he  general circul x t i  o r 1  of t h e  atmos- 

phere 1s t h e  ex i s t ence  of l a r g e  s c a l e  meridional  c i r c u l a t i o n  p a t t e r n s .  

We have chosen t o  analyse t h i s  f e a t u r e  i n  terms o f  30 day mean zonal 

p r o f i l e s  dep ic t ing  v e r t i c a l  p ressure  v e l o c i t i e s  (w) a t  t h e  500 mb 

and 1000 mb sur faces  a s  shown i n  Fig.  16. The s t r i k i n g  f e a t u r e  which 

can be seen a t  t h e  500 mb l e v e l  ( top f i g u r e )  i s  t h e  ex i s t ence  of a l a r g e  

d i r e c t  (Hadley) c i r c u l a t i o n  c e l l  i n  t h e  sub t rop ica l  reg ions .  Both 

models e x h i b i t  t h i s  proper ty  although t h e  c e l l  i s  somewhat more i n t e n s e  

f o r  Model Q.  The s t rong  convergence a r e a  loca t ed  a t  about 15 degrees 

nor th  l a t i t u d e  which d r i v e s  t h i s  c e l l  r ep re sen t s  t h e  l a r g e  s c a l e  proper-  

t i e s  of  t h e  equa to r i a l  trough o r  I n t e r t r o p i c a l  Convergence Zone (ITCZ) 

observed ( i n  t h e  mean) a t  t h i s  p o s i t i o n  under p re sen t  day J u l y  condi t ions  

(see,  f o r  example, Riehl ,  1965). The nor thern  terminus of t h e  c e l l  l i e s  

over  t h e  b e l t  o f  s u b t r o p i c a l  high p re s su re  systems centered  a t  30 

degrees nor th  l a t i t u d e  and c o r r e l a t e s  wel l  with c u r r e n t l y  observed mean 

July d a t a  a s  can be seen i n  F i g .  10, e s p e c i a l l y  with r e f e rence  t o  t h e  

750 mb analyses .  North of t h e  sub t rop ica l  Hadley c e l l  extending t o  

about 50 degrees both models e x h i b i t  a weaker i n d i r e c t  ( F e r r e l )  meridional 

c i r c u l a t i o n .  Far ther  t o  t h e  n o r t h ,  bu t  s t i l l  imbedded wi th in  t h e  mid- 

l a t i t u d e  wes ter ly  wind zone (Fig.  IS ) ,  a much weaker and poss ib ly  

q u a n t i t a t i v e l y  i n s i g n i f i c a n t  d i r e c t  c e l l  i s  observed which has  t o  be 

maintained by su r f ace  f r i c t i o n  (Flohn, 1969). Hence it i s  no t  s u r p r i s i n g ,  

because of t h e  d i f f e r e n c e  i n  t h e  topography of  Model Q i n  combination 

with a modified wind f i e l d  i n  t h e  a r e a  o f  t h i s  small  d i r e c t  c e l l ,  t h a t  

some d i f f e rences  a r e  noted i n  comparison with Model P .  As mentioned 

above, however, t h e  importance of  t h i s  v a r i a t i o n  i s  poss ib ly  i n s i g n i f i -  

cant  and w i l l  not be s t r e s s e d  he re .  Looking at t h e  1000 mb v e r t i c a l  
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FIGURE 16. Ver t i ca l  p ressure  v e l o c i t y  (a) zonal p r o f i l e s  a t  t h e  500 mb 
(above) and 1000 mb (below) l e v e l s .  Model P p r o f i l e s  a r e  
represented  by s o l i d  l i n e s ;  Model Q by dashed l i n e s .  Units 
a r e  i n  mb/day. Data r ep re sen t s  30 day averages over  t h e  
b a s i c  c l imate  period (days 15 - 45).  



pressure  ve10ci.t)~ curves of F ig .  16 (bottom f igu re )  we note  t h a t  t h e  

Model P va lues ,  while smal l ,  gene ra l ly  support t h e  p r o f i l e  a l o f t .  

However, such support from t h e  1000 mb l e v e l  f o r  Model Q does no t  e x i s t  

and probably i s  t h e  mait1 f a c t o r  accounting f o r  t h e  small  d i f f e r e n c e s  

i n  t h e  two 500 mb p r o f i l e s .  Since t h e  1000 mb v e r t i c a l  p ressure  v e l o c i -  

t i e s  a r c  completely determined through t h e  ac t ion  of  t h e  assumed 

su r f ace  nondivergent p a r t  o f  t h e  wind f i e l d  upon t h e  orography (20) ,  

such d i f f e rences  i n  t h e  1000 mb v e r t i c a l  v e l o c i t y  p r o f i l e s  a r e  not. un- 

expected i n  view of t h e  v a r i a t i o n s  i n  t hese  cond i t i ons .  

A f i n a l  d i scuss ion  of  prime importance t o  t h e  genera t ion  of  t h e  

model s o l u t i o n s  concerns t h e  d i a b a t i c  hea t ing  which r ep resen t s  t h e  

model forc ing .  Figure 17 d e p i c t s  zonal p r o f i l e s  of t h e  30 day c l imate  

averages f o r  t h e  t o t a l  d i a b a t i c  hea t ing  (heavy s o l i d  l ine)  and t h e  

var ious  component hea t ing  terms ( f o r  d e f i n i t i o n s  o f  t hese  q u a n t i t i e s ,  

s ee  Chapter 11, s e c t i o n  F ) .  A l l  va lues  a r e  represented  a t  l e v e l  2 

(500 mb). I t  should be noted t h a t  t h e  s e n s i b l e  hea t ing  curves i nc lude  

t h e  e f f e c t s  of convect ive adjustment a s  ou t l i ned  i n  Chapter 11, s e c t i o n  

G .  A s  is apparent from t h e  two s e t s  of  curves ,  t h e  d i a b a t i c  hea t ing  

q u a n t i t i e s  a r e  r e l a t i v e l y  comparable except i n  t h e  l a t i t u d e  b e l t  

conta in ing  a reas  of g l a c i a t i o n  and pack i c e  during t h e  Quaternary pe r iod .  

Here, a s  can be expected, t h e  presence of  t h e  r e l a t i v e l y  co ld  under- 

l y ing  i c e  i n  Model Q served t o  i n h i b i t  t h e  upward t r a n s p o r t s  of  s e n s i b l e  

hea t  a s  wel l  a s  l a t e n t  hea t  r e l e a s e  through condensation processes .  

Thus, a s  depic ted  i n  Fig. 17, we see  t h a t  between 50 and 75 degrees 

no r th  l a t i t u d e ,  t h e  t o t a l  d i a b a t i c  hea t ing  i n  Model Q is  s u b s t a n t i a l l y  

reduced compared t o  t h a t  of Model P .  This  leads  t o  a s t e e p e r  nor th-  

south temperature g rad ien t  between t h e  sub t rop ic s  and t h e  mid - l a t i t udes  
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FIGUKI: 17. Diabat ic  hea t ing  terms averaged over  t h e  30 day b a s i c  c l imate  
period a t  l eve l  2 (500 ml>) f o r  Model P (above) and Model Q 
(below). For d e f i n i t i o n s  of  t h e  ind iv idua l  q u a n t i t i e s ,  see  
Chapter 11, s e c t i o n  F .  The t o t a l  d i a b a t i c  hea t ing  i s  r ep re -  
sen ted  by t h e  heavy s o l i d  l i n e .  Units are  degrees C of 
temperature change per day. 
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dur ing  t h e  i c e  age i n  t h e  reg ion  of t h e  i n d i r e c t  Fer re l  c e l l  (Fig. 

1 6 ) u s u a l l y  a s soc i a t ed  with eddy t r anspor t  p rocesses .  A t  l e a s t  p a r t  

of t he  inc rease  i n  t h e  l e v e l  of  eddy k i n e t i c  energy of Model Q a s  com- 

pared t o  Model P noted i n  F igs .  13  and 14 may be accounted f o r  a s  a 

r e a c t i o n  t o  t h e s e  g rad ien t s .  

B. Cl imatological  mani fes ta t ions  

In  o rde r  t o  desc r ibe  and compare t h e  c l imato logica l  general  

c i r c u l a t i o n  p a t t e r n s  obtained from our  model c a l c u l a t i o n s ,  we have 

chosen t o  r ep re sen t  30 day (days 15 - 45) average he ight  contours  

along t h e  250 mb and 750 mb cons tan t  pressure  s u r f a c e s .  Se l ec t ion  of  

t h i s  r ep re sen ta t ion  was made because t h e  he igh t s  a r e  computed from 

t h e  quas i -geos t rophic  balance condi t ion  (3) which provides t h e  essen-  

t i a l  l i n k  between t h e  dynamic and thermodynamic p r o p e r t i e s  o f  our  

model. Thus, t h e  major elements o f  t h e  l a rge  s c a l e  mani fes ta t ions  o f  

both t h e  wind and temperature f i e l d s  a r e  contained i n  t h e  ana lyses .  

Fig. 18 d e p i c t s  t h e  250 mb height  d a t a  from t h e  c l imate  s o l u t i o n s  

of  both Model P and Model Q .  The corresponding 750 mb analyses  a r e  

contained i n  Fig. 19. In both f i g u r e s  Model P q u a n t i t i e s  a r e  descr ibed  

i n  t h e  t o p  analyses  while r e s u l t s  from Model Q a r e  shown below. 

Although, a s  prev ious ly  mentioned, d i f f e r e n c e s  between t h e  r e s u l t s  

of t h e  two c a l c u l a t i o n s  r a t h e r  than t h e i r  absolu te  values a r e  t o  be 

s t r e s s e d  some d i scuss ion  comparing t h e  c l imato logica l  d a t a  o f  Model P 

(upper p a r t s  of  Figs.  18 and 19) with t h e  present  day observed J u l y  

c l imate ,  represented  by Fig. 10 ,  is warranted. From these  f i g u r e s  we 

s e e  t h a t  while t h e  d e t a i l s  of  t h e  contour p a t t e r n s  of  Model P d i f f e r  

somewhat from the  observed d a t a ,  many o f  t h e  gross  c i r c u l a t i o n  f e a t u r e s  
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FIGURE 18. 250 mb height f i e l d s  obtained from t h e  30 day climate solu- 
t i o n s  f o r  Model P (above) and Model Q (below). Contour , 

i n t e r v a l s  a r e  6 dkm. 



a r e  comparable. For example, t h e  e s s e n t i a l l y  zonal flow p a t t e r n s  

i n  t h e  mid- la t i tudes  contained i n  t h e  observa t ions  a r e  a l s o  apparent  

i n  Model P although s l i g h t l y  more d i f f u s e  i n  cha rac t e r .  This  f e a t u r e  

i s  e s p e c i a l l y  n o t a b l e  a t  t h e  250 mb l e v e l .  A t  t h e  750 mb l e v e l  we 

see  t h a t  t h e  sub t rop ica l  high p re s su re  b e l t  s t r e t c h i n g  ac ros s  t h e  

c e n t r a l  P a c i f i c  and A t l a n t i c  Oceans a t  about 30 degrees no r th  l a t i t u d e  

has been reproduced by Model P. However, a  major l i m i t a t i o n  i n  our  

model i s  i t s  i n a b i l i t y  t o  r ep re sen t  t h e  observed c i r c u l a t i o n  p a t t e r n  

over sou th -cen t r a l  Asia.  This  can undoubtedly be a t t r i b u t e d  t o  t h e  

ex i s t ence  o f  t h e  l a r g e  high l e v e l  (approximately 200 mb) hea t  source 

contained i n  t h e  observed J u l y  d a t a  l oca t ed  over  t h e  T ibe t i an  P la t eau  

(see Fig. 5 ) .  We have not  accounted f o r  t h i s  source  i n  our model 

because of  t h e  u n c e r t a i n t i e s  a s  t o  t h e  phys ica l  mechanisms which 

maintain it and some ques t ion  t h e r e f o r e  a r i s e s , a s  t o  whether o r  no t  

it was present  dur ing  t h e  Quaternary i c e  age. 

We t u r n  now t o  a  comparison of  t h e  c l imate  r e s u l t s  a s  obtained 

from t h e  two models (Figs .  18 and 19) .  Over e a s t e r n  North America 

and a c r o s s  t h e  North A t l a n t i c  we no te  a  decided packing of t h e  isohypses 

of  Model Q, p a r t i c u l a r i l y  along t h e  southernmost and southeas te rn  

edges of t h e  l a r g e  con t inen ta l  i c e  shee t  cen tered  on Hudson Bay and 

i n  t h e  region o f  t h e  margin of A t l a n t i c  pack i c e .  Hence, t h e  wind 

flow p a t t e r n  dur ing  t h e  Quaternary can be presumed t o  have had a  

s t r o n g  preference  f o r  s k i r t i n g  t h e  edges of  i c e  i n  t hese  a r eas .  The 

ex i s t ence  of  t h i s  converging of  t h e  wind f i e l d  has prev ious ly  been 

a n t i c i p a t e d  i n  t h e  d iscuss ion  of t h e  zonal wind p r o f i l e s  contained i n  

Fig.  15. I t  is i n t e r e s t i n g  t o  n o t e  t h a t  Lamb and Woodroffe (1970, 

Fig. 7a) a r r i v e d  a t  a  somewhat s i m i l a r  r ep re sen ta t ion  f o r  t h e  Quaternary 



i c e  age maximum over e a s t e r n  North America and t h e  North A t l a n t i c  

us ing  an e n t i r e l y  d i f f e r e n t  approach. Thei r  pure ly  d i agnos t i c  s tudy 

concentrated upon t h e  e s t a b l i s h i n g  of  s u r f a c e  temperatures  from 

geologica l  evidence of  t h e  limits of i c e  and snow regimes and t h e  

nor thern  ex ten t s  of  d i f f e r e n t  types of f o r e s t s  where approximate tempera- 

t u r e  va lues  can be assigned from those  a s soc i a t ed  with s i m i l a r  

p o s i t i o n s  today. Ocean temperatures were approximated i n  a manner 

l i k e  t h a t  used i n  t h e  present  s tudy (see Chapter 111, s e c t i o n  B ) .  

From these  d a t a  v e r t i c a l  temperature l apse  r a t e s  were devised according 

t o  t h e  type  of underlying su r f ace  and assumed a i r  flow p a t t e r n s  with 

a s t r o n g  r e l i a n c e  upon comparable s i t u a t i o n s  i n  t h e  world a s  it i s  

today. The r e s u l t s  a r e  shown i n  t h e  form o f  a probable monthly mean 

1000-500 mb th ickness  c h a r t  and, as mentioned above, compare favorably  

with t h e  Model Q analyses  o f  Figs .  18 and 19 i n  ea s t e rn  North America 

and over  t h e  no r th  A t l a n t i c  along t h e  i c e  edges. However, Lamb 

and Woodroffe were unable t o  account,  t o  a l a r g e  ex ten t ,  f o r  t h e  

dynamic e f f e c t s  of  t h e  g l a c i a l  orography. Thus, f o r  example, while 

they  have placed t h e  c e n t e r  o f  t h e  circumpolar vor tex  over  nor th  

c e n t r a l  Canada, t h e  r e s u l t s  from Model Q i n d i c a t e  t h e  p r o b a b i l i t y  of  

a s l i g h t  high p re s su re  r i d g e  i n  t h i s  a r e a  due t o  t h e  topography of  

t h e  underlying g l a c i e r  and consequently s h i f t s  t h e  circumpolar vor tex  

cen te r  t o  a p o s i t i o n  j u s t  south o f  Greenland. This  f e a t u r e  is  

e s p e c i a l l y  prominant a t  t h e  750 mb l e v e l  (F ig .  19) .  

Probably t h e  most s t r i k i n g  d i f f e r e n c e  between t h e  two model c l imates  

i s  t o  be seen i n  Europe. Here t h e  contour p a t t e r n  of  Model Q desc r ibes  

a l a r g e  trough south o f  t h e  Scandinavian g l a c i e r  maximum coupled with 

a sharp  r idge  t o  t h e  e a s t  over  t h e  e a s t e r n  g l a c i a l  downslopes. No 



such f e a t u r e s  a r e  observable i n  t h e  Model P r e s u l t s .  Since t h i s  

t rough/ r idge  system extends s t r o n g l y  through t h e  depth of our  model 

atmosphere and i f  i t  i s  t o  be be l ieved  r e p r e s e n t a t i v e  of  a c t u a l  condi- 

t i o n s  which might have occurred during t h e  Quaternary g l a c i a l  maximum, 

we must look f o r  some geologica l  i n d i c a t i o n s  of i t s  presence a t  t h e  

su r f ace .  Such an i n d i c a t i o n  appears  t o  be present  i n  t h e  wind d a t a  

o f  Poser (1948) obtained from t h e  bedding of  sand dunes i n  c e n t r a l  

Europe during t h e  l a t e r  p a r t  o f  t h e  ~ G r m  I c e  Age. This  d a t a  has been 

r e i n t e r p r e t e d  by Ke i t e r  (1963, Fig.  7.42) t o  inc lude  t h e  e f f e c t  of 

su r f ace  f r i c t i o n  i n  o rde r  t o  ob ta in  a  more r e a l i s t i c  p i c t u r e  o f  t h e  

su r f ace  p re s su re  d i s t r i b u t i o n .  While t h i s  new pressure  p a t t e r n  i s  

by no means conclusive,  t h e  i n d i c a t i o n  i s  t h a t  a mean su r f ace  low 

p res su re  t rough must have e x i s t e d  i n  t h e  v i c i n i t y  o f  southern Europe. 

In  any event ,  assuming t h e  su r f ace  wind d a t a  o f  Poser t o  be c o r r e c t ,  

t h e  wind vec to r s  show t h a t  wes ter ly  a i r  c u r r e n t s  e n t e r i n g  t h e  European 

cont inent  along t h e  nor thern  coas t  o f  present  day France t u r n  ab rup t ly  

southward i n  t h e  v i c i n i t y  o f  e a s t e r n  Germany and western Poland 

much a s  would be expected from t h e  750 mb he ight  contours o f  Model Q. 

While t h e  c l imato logica l  s o l u t i o n s  shown i n  F igs .  18 and 19 

represent  t h e  s tanding  p a t t e r n s  generated by Model P and Model Q ,  t h e  

presence of  t r a v e l i n g  waves r e p r e s e n t a t i v e  o f  cyclone s c a l e  a c t i v i t y  

have been e s s e n t i a l l y  e l imina ted .  In o rde r  t o  ob ta in  a  q u a n t i t a t i v e  

p i c t u r e  of t h i s  cyclone a c t i v i t y  f o r  t h e  two models and thus  i n f e r  

probable p o s i t i o n s  f o r  t h e  major storm t r a c k s ,  we have cons t ruc ted  

an a c t i v i t y  index f o r  t h e  30 day c l imate  per iods  i n  ques t ion .  The 

index va lues  were obtained by computing abso lu t e  he ight  d i f f e r e n c e s  

a t  f i v e  degree g r i d  i n t e r v a l s  f o r  each 6 hour per iod  between days 



15 and 4 5 .  ilveragu q u a n t i t i e s  f o r  each g r i d  poin t  over t h e  30 day 

time period were then  obtained and analysed as shown i n  Fig. 20 f o r  

t h e  250 mb l e v e l  and Fig.  2 1  f o r  750 mb. A s  i n  previous f i g u r e s ,  

d a t a  f o r  Model P i s  presented i n  t h e  top  p a r t  o f  each f i g u r e  with Model 

Q values below. Contour i n t e r v a l s  a r e  10m/6 h r .  I t  i s  apparent  from 

t h e  f igu res  t h a t  t h e  t r a n s i e n t  a c t i v i t y  i n  Model P i s  considerably l e s s  

than t h a t  of  Model Q across  t h e  nor thern  A t l a n t i c  and i n  t h e  reg ions  

of  south c e n t r a l  t o  e a s t e r n  Europe. These d i f f e r e n c e s  a r e  noted a t  

both l e v e l s  of our two models. Thus it would appear t h a t  f o r  t h e s e  

regions t h e  combination of  cyclone s c a l e  a c t i v i t y  along with s t rong  

support  from t h e  height  g rad ien t s  observed f o r  Model Q i n  t h e  s t and ing  

wave p a t t e r n s  (F igs .  18 and 19) would have a  profound e f f e c t  upon t h e  

c l imates  o f  t h e  Quaternary i c e  age. 

Although we have l imi t ed  our  a n a l y s i s  t o  d i f f e r ences  between t h e  

two model s o l u t i o n s ,  t h e  temptat ion t o  i n f e r  a  probable c l i m a t i c  general  

c i r c u l a t i o n  f o r  t h e  Quaternary i c e  age i s  overwhelming. If  we assume 

t h a t  t h e  phys ica l  and mathematical l i m i t a t i o n s  inherent  i n  our model 

e x h i b i t  s i m i l a r  p r o p e r t i e s  i n  t h e  c a l c u l a t i o n s  f o r  both Model P and 

Model Q ,  then  we can perhaps deduce t h e  change i n  c l imate  which has 

occurred over  t h e  pas t  18,000 years  s ince  t h e  l a s t  Quaternary i c e  age 

maximum t o  a  f a i r l y  high degree o f  r e l i a b i l i t y  by s u b t r a c t i n g  t h e  30 

day average Model Q r e s u l t s  from those  of Model P .  This ,  of course,  is  

predica ted  on t h e  assumption t h a t  t h e  fo rc ing  and su r f ace  boundary 

condi t ions  used f o r  both models a r e  e s s e n t i a l l y  c o r r e c t .  In  t h i s  manner 

250 mb and 750 mb he ight  change f i e l d s  r ep re sen t ing  changes i n  c l imate  

s i n c e  t h e  Quaternary period were cons t ruc ted  and then sub t r ac t ed  from 

t h e  observed p re sen t  day mean J u l y  he igh t  d a t a  shown i n  Fig. 10. The 
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FIGURE 2 0 .  250 ml) abso lu te  he ight  changes per  6 hours averaged over  
t h e  30 day b a s i c  c l imate  period f o r  Model P (above) and 
Model Q (below). (:ontour i n t e r v a l s  are  IOm/h h r .  
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FIGURE 2 1 . 750 mt, absolu te  height  changes per  6 hours averaged o v e r  
t h e  30 day bas i c  c l imate  period f o r  Model P (above) and 
Model Q (below). Contour i n t e r v a l s  a r e  5m/6 h r .  



r e s u l t i n g  probable Quaternary genera l  c i r c u l a t i o n  he ight  f i e l d s  f o r  

both t h e  250 mb ( top)  and 750 mb (bottom) l e v e l s  a r e  shown i n  Fig. 2 2 .  

Whether t h e s e  analyses  a r e  more r e p r e s e n t a t i v e  o f  a c t u a l  i c e  age condi- 

t i o n s  than t h e  Model Q c l imate  s o l u t i o n s  shown i n  Figs.  18 and 19 is  

s t r i c t l y  a  mat te r  of  conjec ture .  However, s i n c e  Fig. 22 was cons t ruc ted  

us ing  t h e  d i f f e r ences  between t h e  c l imate  s o l u t i o n s  f o r  Model P and 

Model Q,  a l l  d i s cuss ions  above concerning these  d i f f e r e n c e s  remain v a l i d .  

Thus, i n  comparing t h e  J u l y  c l imate  a s  it might have been dur ing  Quaternary 

g l a c i a t i o n  a s  obtained i n  t h e  present  s tudy  with t h a t  o f  t h e  same month 

today, t h e  r eade r  i s  f r e e  t o  choose e i t h e r  a combination of  F igs .  22  and 

10 o r  Figs.  18 and 19. 

I t  i s  no t  d i f f i c u l t  t o  imagine, us ing  e i t h e r  Fig.  2 2  o r  t h e  Model Q 

c l imate  s o l u t i o n s  from Figs.  18 and 19, some o f  t h e  e f f e c t s  o f  t h e  

I 
Quaternary i c e  age c l imate ,  a s  der ived  i n  t h e  p re sen t  s tudy ,  upon t h e  

g l a c i a l  p a t t e r n  of Europe and Asia.  A s  can be seen from Figs .  20 and 

21 a  l a r g e  number o f  cyclone s c a l e  waves under t h e  inf luence  of  t h e  

s t rong  s t e e r i n g  c u r r e n t s  over  t h e  nor th  A t l a n t i c  were dr iven  upon t h e  

Scandinavian i c e  s h i e l d  laden with moisture picked up from t h e  ocean. 

Supported by orographic inf luences  and s t a l l e d  by t h e  hugh blocking high 

over  c e n t r a l  Russia,  abundant p r e c i p i t a t i o n  could then  be obtained t o  

maintain t h e  Scandinavian g l a c i e r .  On t h e  o t h e r  hand, t h i s  same blocking 

high pressure  r idge ,  coupled with t h e  severe  c o n t i n e n t a l i t y  o f  S ibe r i an  

Asia,  served t o  deny t h e  r e q u i s i t e  moisture f o r  g l a c i a t i o n  i n  S i b e r i a .  

In  North America, however, maintenance o f  con t inen ta l  g l a c i a t i o n  centered  

on Hudson Bay i s  not  so  e a s i l y  explained from t h e  r e s u l t s  shown. The 

I 
small  p re s su re  r i dge  ind ica t ed  over  t h e  huge North American i c e  s h i e l d  

could only serve  t o  d i f f u s e  t h e  r e l a t i v e  small  number of t r a v e l l i n g  



DECREES EAST LONCI T U X  

DEGREES EAST LONG1 T U X  

FIGURE 2 2 .  Probable Quaternarv i ce  age he ight  contours represent ing  
mean .July condi t ions  (see t e x t  f o r  explana t ion) .  250 mb 
a n a l y s i s  (above) uses  6 dkm contour i n t e r v a l s  while  t h e  
750 mb a n a l y s i s  (below) i s  drawn with 3 dkm contour  i n t e r v a l s .  



wrrvcs ( F i g s .  20 and 2 1 )  ca r ry ing  P a c i f i c  moisture onto t h e  c o n t i n e n t ,  

although maintenance of  t h e  g l a c i e r  no doubt bene f i t ed  somewhat from 

orographic l i f t i n g .  Iiowever, it is f e l t  h e r e  t h a t  much of  t h e  a v a i l a b l e  

moisture may have a l ready  been squeezed out  by t h e  Rocky Mountain c o r d i l -  

l e r a  p r i o r  t o  i t s  a r r i v a l  over  t h e  g l a c i e r  a r ea .  I t  may have been 

poss ib l e  t h a t  t he  win ter  t ime c i r c u l a t i o n  was a b l e  t o  supply enough 

moisture t o  maintain t h e  g l a c i e r .  The p o s s i b l i t y  a l s o  a r i s e s  t h a t  

t h i s  l a r g e  g l a c i e r  had a l ready  a t t a i n e d  i t s  maximum s i z e  long be fo re  t h e  

period o f  our  s tudy and was on t h e  d e c l i n e  18,000 years  ago. I f  we 

assume t h i s  second p o s s i b i l i t y  t o  have been t h e  case  then t h e  orographic 

e f f e c t s  of t h e  North American i c e  s h i e l d  would g radua l ly  be  reduced thus  

al lowing t h e  c e n t e r  o f  t h e  circumpolar vor tex  t o  s h i f t  westward t o  a  

p o s i t i o n  over  nor thern  Canada a s  shown by Lamb and Woodroffe (1970, F i g .  

73).  A reduct ion  i n  t h e  i n t e n s i t y  o f  t h e  flow f i e l d  ac ros s  t h e  North 

A t l a n t i c  can then be assumed and, consequently,  support  f o r  t h e  maintenance 

o f  t h e  Scandinavian g l a c i a l  f i e l d  would decrease .  While t h i s  d i scuss ion  

concerning maintenance o f  t h e  two g r e a t  nor thern  hemisphere i c e  s h e e t s  

i s  completely specu la t ive ,  i t s  purpose i s  t o  r a i s e  t h e  p o s s i b i l i t y  t h a t  

t h e s e  g l a c i e r s  may not  have generated atmospheric cond i t i ons  of mutual 

support  and t h a t  a  t ime l a g  i n  t h e  occurrence o f  t h e i r  r e s p e c t i v e  maximums 

may have been p re sen t .  



V. SUMMARY AND CONCLUSIONS 

In an e f f o r t  t o  simulate t h e  cl imate of an i c e  age, a  two-level,  

quasi-geostrophic general c i rcu la t ion  model f o r  t h e  northern hemisphere 

was developed s u i t a b l e  f o r  long time period in tegra t ions  (60 days). 

The model incorporates hor izonta l  d i f fus ion  and v e r t i c a l  shearing s t r e s s e s  

along with a d i a b a t i c  heating function which includes t h e  e f f e c t s  of 

radia t ion,  hor izonta l  and v e r t i c a l  heat t r a n s f e r  and condensation heat -  

ing. Orographic influences a s  well a s  land-sea-ice d i s t r i b u t i o n s  of 

heating a r e  represented a t  t h e  lower boundary. The model was cas t  i n  

the  domain and a l l  time in tegra t ions  ca r r i ed  out using a 

centered di f ference  (leapfrog) scheme. 

In order  t o  obta in  a bench mark f o r  comparison, t h e  model was 

first in tegra ted  forward i n  time f o r  a  t o t a l  of  s i x t y  days under condi- 

t i o n s  simulat ing a current  mean J u l y  s i t u a t i o n  (Model P ) .  I n i t i a l  

f r ee  atmospheric and boundary value da ta  were obtained from conventional 

sources. A second in tegra t ion  of s i m i l a r  durat ion was then performed 

t o  simulate t h e  climatology during t h e  l a s t  great  i c e  age maximum 

( ~ i s c o n s i n / ~ u r m )  of the  Quaternary period (Model Q) ,  some 18,000 years 

ago. For t h i s  ca lcula t ion t h e  same i n i t i a l  f r e e  atmospheric s t a t e  as  

used f o r  Model P was assumed. However, surface  boundary values had t o  

be es tabl ished from a v a r i e t y  of  paleogeologic sources. S t a t i s t i c a l  

climate values were then ca lcula ted  f o r  each model over t h e  30 day 

period from day 15 through day 45. 

The r e s u l t s  of t h e  ca lcu la t ions  showed t h a t  t h e  k i n e t i c  energy 

l eve l s  computed f o r  t h e  i c e  age period were about 40% l a r g e r  than 

those obtained under present  day conditions. However, l i t t l e  d i f ference  

was noted i n  the  zonal k i n e t i c  energy l e v e l s  a s  near ly  a l l  of t h e  



increased dynamic a c t i v i t y  of Model Q was confined t o  the  eddies. 

An increase i n  the  north-south temperature gradients of Model Q as  

compared t o  Model P was observed i n  the  region of the  mid-latitude eddv 

t ranspor t  regime. This was a t t r ibp tgd  t o  the  approximately .2C per 

day lower d iaba t ic  heating of the  model atmosphere over the  g l a ~ l z t e d  

areas i n  Model Q (see Fig. 17).  

The climate solutions of the  two models as  represented by 250 mb 

and 750 mb height f i e ld s  (Figs. 18 and 19) contoured over the  northern 

hemisphere sh~wed a deviqtion between the  two models i n  the  mid-latitudes, 

pr incipal ly  i n  the  regions of heavy Quaternary glacia t ion and Atlant ic  

pack ice .  For example, the  l a t i t ud ina l  b e l t  from about 40 t o  75 degrees 

north l a t i t ude  and from cen t ra l  North America eastward across the  northern 

At lant ic  and i n t o  western S iber ia  exhibited a marked c l imat ic  influence 

generated by the  presence of the  i c e  f i e l d s  of the Quateranry model. In 

North America t h i s  was evident by t he  appearance of a small orographically 

induced high pressure r idge over the  Hudson Bay g l ac i a l  maximum while 

t he  center of the  circumpolar vortex was located of f  the  southern t i p  of 

Greenland. Strong height gradients occurred along the  southern edge of 

the  North At lant ic  pack i c e  and, i n  Europe, a large  low pressure trough 

could be found south of the  Scandinavian g l ac i a l  maximum with a strong 

blocking high t o  the  ea s t .  

O f  course the  r e s u l t s  of any experiment u t i l i z i n g  a numerical model 

t o  simulate climate conditions must be in terpreted according t o  the  l imita-  

t ions  of the  model used. Major uncer ta int ies  a r i s e  from the  use of para- 

meterized quan t i t i es  i n  place of physical concepts and through inadequate 

specif icat ion of boundary and i n i t i a l  values. In t h i s  regard the  present 

model is  no exception. A principle  l imi ta t ion  here concerns the  specif ica-  

t i on  of the  model forcing through the  d iaba t ic  heating functions. For 
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MODEL CONSTAiUTS 

1. D)mamic constants 

2. Thermodynamic constants 

-1 f1 
C = 0.240 cal  g 

P 
-1 -1 

R = 6.8557 x cnl g K 

Surface albedoes 

as)  ice 
= 0.60 

-2 -1 K-4 
o (Stefani s constant) = 5.673 x lo-' ergs crn s 

RV = 2500 joules g-i 
-1 K-l 

Rv = .461 joules g 



ATVs = AMVs = 
-6 - 1  4 x 1 0  s 

'CG = K cm-l 

' C G S  = 5 K c.-l 

0 = 1 (land) 

= -781.49 kg s'3 

bT = 4.0768 kg s -3  K-l  



APPENDIX H 

COMPUTATION OF THE NET LW RADIATION FLUXES 

I f  we assume that al~ove the  250 mb level t h e  path length  of each 

absorbing gas changes very l i t t l e  then from Sasamori (1968) we can 

w r i t e  f o r  t h e  n e t  downward and upward LW r a d i a t i o n  f luxes  

i 0 f u r  p <. 250 mb 

f o r  p > 250 mb - 

i f o r  p < 250 mb 

J 

T(~lOOO) 

f o r  p 2 250 mb 



where u r ep re sen t s  t h e  pa th  l e n g t h  of t h e  absorbing gas. The va lues  

of u f o r  carbon d ioxide  and water  vapor are given by equat ions  (39) 

and (44). Empirical formulas f o r  t h e  absorp t ion  func t ions  %(u)  
- 

and A(u, T) a r e  presented  by Sasamori and we w i l l  i n  genera l  adopt h i s  

va lues .  For water vapor w e  take  

The empir ica l  formulas f o r  carbon d ioxide  a r e  given a s  

I f o r  u < 1 cm 
C - 

f o r  u > 1 cm 
C 

and 

0.0825 uc 0*456 f o r  u < 0.5 cm 
C - 

- - 
~ ( u , )  = 0.0461 loglO uc + 0.074 

f o r  u > 0.5 cm 
C 

I n  order  t o  eva lua t e  t h e  n e t  LW f l u x  pass ing  through t h e  requi red  

l e v e l s  of 0 mb, 500 rob, and 1000 mb we w i l l  perform t h e  i n t e g r a t i o n s  

i n d i c a t e d  i n  (B-1) and (B-2) through a number of l a y e r s  assuming a 

- 
cons tan t  va lue  i n  each l a y e r  f o r  t h e  absorb t ion  func t ion  Ao(u). For 

t h i s  purpose we w i l l  use t h e  absorp t ion  pa th  l eng th  a t  t h e  c e n t e r  of 

the l ayer .  From (35) we know t h a t  t h e  n e t  f l u x  i s  given by 



FN(p) = Ft (p )  - F+(P)  

and thus w e  have, approximately, 

- 
4 F ~ ( P ~ )  = " T ~ ~ ~ ~  + o ( ~ ' + ~ ~  - T : ~ ~ ~ )  A ~ ( u ~ ~ ~  - us75) 

- 
+ o(T:OO - T:50) A. (u250 - u625) 

- 
+ 0 ('$50 - ~ g ~ ~ )  A. ( u ~ ~ ~  - ~ 3 7 ~ )  

- - 
- OT;,--, A [uo - u 125 ' ( ~ 2 5 0 )  

F N ( ~ l o o o )  = ~ ~ $ 0 0  - 0 ( T ; ~ ~  - T ; ~ ~ )  Si, ( u ~ ~ ~  - u ~ ~ ~ ~ )  

- 
- 0(~:50 - T:OO) * 0 ( ~ 6 2 5  - ulOOO) 

- o(T;OOO - T:50) % ( ~ 8 7 5  - ulOOO) 

- - 
- U - 

A IU125 1000' T(p250) 

The temperature f a c t o r s  i n  (R-7) a r e  l i n e a r i z e d  using t h e  r e l a t i o n s h i p  

where a and bT have been e s t a b l i s h e d  through a l e a s t  squares  f i t  
T 

over the temperature range. from 210K t o  310K. L e t t i n g  o (S t e fan ' s  



cons tan t )  equal  5.673 X loa8 kg se3 we ge t  

and 

Now, from (45) w e  know t h a t  t h e  r a t e s  of d i a b a t i c  hea t ing  due t o  

LW r a d i a t i o n  and absorp t ion  a t  l e v e l s  1 and 3 a r e  givep by 

I 

61w = IFN(~lOOO 
P2 

Then us ing  (8-8) t o  l i n e a r i z e  (8-7) i n s e r t i n g  t h e  r e s u l t i n g  r e l a t i o n s h i p s  

i n t o  (B-9), and w r i t i n g  i n  t e r n  of p o t e n t i a l  temperatures we have 

\ 

where 



i n  or-tier t o  5 i n l p l  i t'y coinputat ions involving t hc ,  s t~rf:~c.c\  1.W 

L'N' 
r a d i a t i o n  f l u x  term F4 o4 i n  (8-13) ,  we w r i t e  4 LW i n  t h e  form 

LWC + FLWW y = F4 
4 

LWC is cons tan t .  To do t h i s  we cons ider  where we w i l l  show t h a t  F4 

t h e  d e f i n i t i o n  of  F~~ i n  (8-14) along with (8-16). A s  an example 4 

l e t  Au = u - u 
875 1000 

such t h a t  we can represent  FY as  

where then we l e t  

However, s i n c e  we have assumed f o r  our  model c a l c u l a t i o n s  t h a t  t h e  

mixing r a t i o  of  carbon d ioxide  i n  t h e  atmosphere i s  constant  (Chapter 

LWW 
i n  (B-19) and (8-17) i s  indeed a 1 1 ,  s e c t i o n  F) we see t h a t  F4 

constant  and only F;" i s  time and space dependent. Thus, we w i l l  use  

(B-17) along with d e f i n i t i o n s  (B-19) f o r  a l l  f u t u r e  r ep re sen ta t ions  

involving su r f ace  energy f luxes .  



NONDIMENSIONALIZATION OF THE- MODEL PARAMETERS 

In o rde r  t o  nondimensionalize t h e  model parameters we make use of 

t h e  e a r t h ' s  mean rad ius  (a) ,  t h e  e a r t h  I s  r o t a t i o n  r a t e  ( R )  , t h e  s p e c i f i c  

hea t  o f  a i r  a t  constant  pressure  (C ) and t h e  pressure  depth of  each 
P 

of t h e  model l aye r s  (p2 = 500 mb) . Le t t ing  primed ( I )  q u a n t i t i e s  

represent  nondimensional values we can w r i t e  f o r  s t reamfunct ions 

and f o r  potent . ia1 temperatures  

Time d e r i v a t i v e s  become 

- a " f l -  
a t  a t  

A l l  o t h e r  q u a n t i t i e s  a r e  t r e a t e d  i n  a s i m i l a r  manner. For example we 

de f ine  some r ep resen ta t ive  parameters 



Also, wc can define the nondimensional parameters A and B as 
S S 



APPENDIX I) 

TRANSFORMATION OF THE MODEL EQUATIONS TO SPECTRAL FORM 

The process  of  s p e c t r a l  t ransformat ion  has been descr ibed  i n  

d e t a i l  elsewhere ( see ,  f o r  example, Baer and Platzman, 1961 and Mer i lees ,  

1968) and w i l l  only be given cursory t rea tment  he re .  The general  

procedure i s  t o  s u b s t i t u t e  t h e  expansions of  t h e  v a r i a b l e s  (77) i n t o  

t h e  equat ions and t o  perform a l l  i nd i ca t ed  d i f f e r e n t i a l  ope ra t ions .  

The equat ions a r e  then mul t ip l i ed  by t h e  complex conjugate  o f  a  given 

sphe r i ca l  harmanic and t h e  r e s u l t  i s  then i n t e g r a t e d  over  t h e  u n i t  sphere .  

Because o f  t h e  or thogonal i ty  condi t ion  (78) most l i n e a r  terms w i l l  

y i e l d  a s i n g l e  expansion c o e f f i c i e n t .  However, c e r t a i n  s p e c i a l  l i n e a r  

terms produce more than one of  t hese  c o e f f i c i e n t s .  An example of  

this type  of l i n e a r  term i s  presented  below. Nonlinear terms w i l l  

t ransform i n t o  an i n f i n i t e  sum of t h e  product of two c o e f f i c i e n t s  

modified by a wave vec tor  dependent cons t an t .  These cons tan ts  o r  

" i n t e r a c t i o n  coe f f i c i en t s1 '  a r e  computed i n  advance o f  t h e  numerical 

c a l c u l a t i o n  and he ld  i n  t a b u l a r  form. 

For t h e  purposes of our model c a l c u l a t i o n s  we have def ined  a l l  

nonl inear  i n t e r a c t i o n s  a s  func t ions  of  two b a s i c  i n t e r a c t i o n  c o e f f i c i e n t  

s e t s .  These a r e  



where L = Ra + R B  with t h e  c o e f f i c i e n t s  being zero otherwise.  Ce r t a in  
Y 

o t h e r  redundancy and symmetry p r o p e r t i e s  a s soc i a t ed  with t h e  i n t e r a c t i o n  

c o e f f i c i e n t s  i n  (D-1) have been d iscussed  by Baer and Platzman (1961) 

and Merilees (1968) and w i l l  no t  be t r e a t e d  here .  

A s  examples of  a l l  of t h e  types  of  nonl inear  terms i n  t h e  model 

equat ions which must be reduced t o  s p e c t r a l  form l e t  us cons ider  a r b i t r a r y  

va r i ab l e s  A and B which can be expanded i n  t h e  forms 

A = C A Y  ( A ,  v) 
Y 

Y Y .  

B = LByYy (A, v) 
Y 

and thus  it can be shown us ing  C a = n a (n Q + 1)  a s  i n  (79) t h a t  
1 

where t h e  vec to r  i n d i c i e s  a, B and y a l l  range over  t h e  same va lues .  

A type of  l i n e a r  term, a s  mentioned above, which r e q u i r e s  s p e c i a l  

a t t e n t i o n  i s  t h a t  of t h e  form 20 v V A  . For t h i s  term we have 

* 
(2V0uVA)Y ds = C (DA - E A  ) 4lT I, Y Y Y Y-1 Y y+ l  



where 

With t h e  a i d  of r e l a t ionsh ip  ( - 1  , (0-3),  (D-4), and (D-5) along 

with (77), (78), and (79) we can now evalua te  a l l  of t h e  terms of t h e  

model equations in s p e c t r a l  form. The r e s u l t s  of these  t ransformations 

a r e  shown i n  Tables D l ,  0 2 ,  and 03 .  I t  must be noted here t h a t  t h e  

i n t e g r a l s  embedded within t h e  r e l a t ionsh ips  f o r  N ( ~ )  and N ( ~ )  i n  Table Y Y - 

02 a re  t o  evaluated using t h e  transform method as  ou t l ined  by Machenhauer 

and Rasmussen (1972). 



Table 02. Spect ra l  form of t h e  thermodynamic equations of (74) . 

Spect ra l  r ep resen ta t  ion Defining r e l a t i o n s  

LW SHV SHH 
Y 

LW SHV SHH L(~) = (B3 I y+  (B3 Iy -  (B3 IyCy 
Y 

L W SHV M ( ~ )  = (A ) + (A3 
Y 3 Y 

M(4) = I,w SHV 
(B1 Iy+  (B1 I y  

Y 

A ( ~ )  = izE$ 0 K 
Y ag a B yyBla 

= izzy 0 K 
Y a6 a B y,B,a 



('I'ah lc I)2 cont . ) 

Spectral representation Defining relations 

w 

3 - - &LEV 
+ ig(AkW)aT~~y ,B .a 2 

x 

* 
)Y ds 

2 Y 

N(4) = 
Y 

'SW + + + 
( Q 3 ) y  o y ag 4 a 

SHV 3  
- - E L  x 

+ (B4 )a1T6Jy.~,a 2 Pv 

q 4 f ( v 2 ~ 4  + v2x2) x 



Table 03. Spect ra l  form of the  d iagnos t i c  r e l a t i o n s h i p s ,  (76).  

Spect ra l  represent  a t  ion Defining r e l a t i o n s  

see  Eq .  (C-5) 

s ee  Eq. (D-5) 

see  Table D2 

see  Eq .  (60) 

see  Eqs. (B-14) and (B-17) 

[see  Eqs . (B-14) and (B-17) 1 



('l':rb l e 11.3 cont . ) 

S p e c t r a l  r e p r e s e n t a t i o n  Defining r e l a t i o n s  

s e e  Eqs . (B-14), (32) , and (33) 

see E q .  (60) 



APPENDIX Ei 

DEVELOPMENT AND NUMERICAL SOLUTION OF THE X EQUATION 

The centered d i f ference  form of t h e  time d i f f e r e n t i a t e d  thermal 

wind re la t ionsh ip  (89) can be wr i t t en  as  

B - - ( t  + At) - T ( t  - At)] - - e y ( t  - At)] =Dy[ ry - l  
2 - + At) Y-1 

Subs t i tu t jon~f rom (88) along with a rearrangement of terms allows us 

t o  convert (E-1) t o  t h e  form 

where we have defined 

(S) 
f (3)  : 2At eP~+lAt  E 
Y Y y+1 

gv(X)E B A t  e 

According t o  the  model t runcat ion  as  out l ined i n  the  main t e x t  and 

drawn schematically i n  Fig. 3 we must consider (E-2) over the  s e t  of 



vector  ind ices  f o r  l'lmaxl 5 16 and N 5 8 . Thus, from (831 we see  

t h a t  the re  w i l l  be a  t o t a l  of e i g h t  r e a l  (zonal ,  R = 0)  and 128 complex 
Y 

vec tors  (conjugates a r e  completely s p e c i f i e d  i n  terms of  t h e  complex 

va lues) .  This means of course, t h a t  ( E - 2 )  represents  a  s e t  of  264 r e a l  

equations with 264 unknown q u a n t i t i e s .  In matr ix no ta t ion  we can 

w r i t e  (E-2) i n  t h e  form 

where we s e e  t h a t  F 1  i s  t r id i agona l  ( a l l  elements except those  along 

the  t h r e e  main diagonals a r e  zero) of order  264. G i s  of  order  264 x 

264 while X and R a r e  column matr ices with length  264. 

We seek a so lu t ion  f o r  X i n  (E-4) f o r  each time s t e p  i n  our nu- 

merical in t eg ra t ion .  However, i n  order  t o  speed up t h i s  ca l cu la t ion  

we wish t o  avoid t h e  l a rge  264 x 264 matr ix inversion t h a t  would nor- 

mally be indica ted .  Ins tead ,  we propose t o  make use of  c e r t a i n  physical  

and mathematical p rope r t i e s  known t o  e x i s t  wi th in  F 1  and G I  t o  

s implify our ca lcu la t ion .  In order  t o  do t h i s  we f i r s t  must i n v e s t i g a t e  

t h e  d e t a i l e d  form of G I  . Using d e f i n i t i o n s  (E-3), (86),  and (D-3) 

along with Table 02 we can wr i t e  f o r  t h e  element g; (X) of  G 1  

H ( ~ ) A ~  
= BAte Y 

[@jUaX~ ('a- 'B- 'y ) Jy,  B ,a - 

- ZED X ( C -  Cg+ C ) J  
ag B a Y y,B,a I 



where now t h e  i-ndices a , B , and Y range only  over t h e  vec to r  

i nd ices  a s  contained wi th in  t h e  t runca t ion  l i m i t s  ou t l i ned  above except 
* 

t h a t  we need not  concern ourse lves  with t h e  s e t  o f  conjugate  vec to r s ,  y . 
We see  through use  o f  (84) i n  (E-5) t h a t  each element g 1  (X) i s  not  on ly  

Y 

a func t ion  o f  t h e  v e r t i c a l l y  i n t eg ra t ed  v e l o c i t y  p o t e n t i a l  X but  a l s o  

dependent upon t h e  shear  temperature ( s t a t i c  s t a b i 1 i . t ~ )  represented  by 0 . 

Because t h e  l a r g e  s c a l e  mean s t a b i l i t y  i n  t h e  atmosphere dominates l a r g e  

s c a l e  pe r tu rba t ion  q u a n t i t i e s  we can make use  o f  t h i s  phys ica l  proper ty  

t o  s imp l i fy  (E-4).  Fur ther ,  it can be shown t h a t  t h e  terms i n  gf (X)  
Y  

involving t h e  mean s t a b i l i t y  a r e  of  t h e  same o rde r  of  magnitude a s  t h e  

t r i d i agnona l  f a c t o r s  f  (1) f ( 2 )  
Y ' Y  

(3) , and f  . 
Y  

In  order  t o  t a k e  advantage of  t h i s  proper ty  we w i l l  eva lua t e  (E-5) 

0 
i n  terms of t h e  g loba l  mean shear  temperature a ( i . e . ,  a = a = a ) o a B o+io  

which then  can be shown t o  t a k e  on t h e  va lues  

C l e a r l y  (E-6) shows t h a t  a l l  t h e  elements o f  (E-5) i n  G I  involving 

t h e  mean s t a b i l i t y  of  t h e  atmosphere l i e  along t h e  main diagonal  and 

t h u s  we w i l l  inc lude  t h e s e  elements with f (')' such t h a t  we can now w r i t e  
Y 

t h e  matr ix equat ion (E-4) a s  

o r  i n  index form fol lowing (E-2) 



where now 

From (E-8) we see that F is tridiagonal and GX is a column matrix 

containing elements of comparitively small magnitudes. We will consider 

GX as a small correction term and solve the system ( E - 7 )  as tridiagonal 

using a succession of iterations until an adequate convergence is ob- 

tained. 

Close scrutiny into the details of ( E - 7 )  shows that except for the 

correction term GX the matrix equations can be uncoupled between the 

planetary waves ky (y = nu + iP, ) .  Thus, we can solve the tridiagonal 
Y 

system separately for each planetary wave which results in one matrix 

set of order eight (for the zonal equations) and sixteen sets of order 

sixteen. However, there exists a very simple algorithm for solving these 

equations (for example, see Young, 1962) involving only a small fraction 

of the number of arithmetic operations required with a general matrix. 

This represents a significant savings in computational time. 

The general computational procedure is to obtain a reasonable "first 

guess" X matrix (we will use zero for the initial field at the beginning 

of the model time integration and subsequently the X field obtained 

during the previous time step) and then R - GX is evaluated from known 

quantities. The tridiagonal algorithm is then applied to obtain a par- 

tial solution, XI , for the X field. However, in order to insure as 

rapid a convergence as possible an overrelaxation procedure is introduced 

where we adjust the X '  values. Using the nth iteration as an example, 

X(") is estimated from 



x(n) = X(n-l) + A O (  (n) - x(n-l)) 

where the overrelaxation constant A is determined through a numerical 

testing process. This entire procedure is then repeated until a satis- 

factory convergence for the X matrix is attained. We have found that 

using the value A  = 1.4 each element in X will converge to at least 

four significant figures within three of four iterations. 


